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Abstract. Wc investigate the structure of the double Ringel-Hall algebras as- 
sociated with cyclic quivers and its connections with quantum loop algebras of 
affine quantum Schur algebras and affine Hecke algcibras. This includes their 
Drinfeld- Jimbo type presentation, affine quantum Schur-Weyl reciprocity, repre- 
sentations of affine quantum Schur algebras, and connections with various exist- 
ing works by Lusztig, Varagnolo Vasserot, SchifFmann, Hiibery, Chari Prcsslcy, 
Frenkel-Mukhin, etc. We will also discuss conjectures on a realization of Beilinson- 
Lusztig-MacPherson type and Lusztig type integral forms for double Ringel-Hall 
algebras. 
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Introduction 



Quantum Schur-Weyl theory refers to a three-level duality relation. At Level I, 
it investigates a certain double centralizer property, the quantum Schur-Weyl reci- 
procity, associated with some bimodules of quantum gl„ and the Hecke algebra (of 
type A) — the tensor spaces of the natural representation of quantum 0[„ (see |43] . 
|20] . |27] ). This is the quantum version of the well-known Schur-Weyl reciprocity 
which was beautifully used in H. Weyl's influential book [81J. The key ingredient of 
the reciprocity is a class of important finite dimensional endomorphism algebras, the 
quantum Schur algebras, whose classical version was introduced by I. Schur over a 
hundred years ago (see |72] . |73]). At Level II, it establishes a certain Morita equiv- 
alence between quantum Schur algebras and Hecke algebras. Thus, quantum Schur 
algebras are used to bridge representations of quantum 0[„ and Hecke algebras. More 
precisely, they link polynomial representations of quantum with representations 
of Hecke algebras via the Morita equivalence. The third level of this duality relation 
is motivated by two simple questions associated with the structure of (associative) 
algebras. If an algebra is defined by generators and relations, the realization problem 
is to reconstruct the algebra as a vector space with hopefully explicit multiplication 
formulas on elements of a basis; while, if an algebra is defined in term of a vector 
space such as an endomorphism algebra, it is natural to seek their generators and 
defining relations. 

As one of the important problems in quantum group theory, the realization prob- 
lem is to construct a quantum group in terms of a vector space and certain multiplica- 
tion rules on basis elements. This problem is crucial to understand their structure and 
representations (see |47i p. xiii] for a similar problem for Kac-Moody Lie algebras). 
Though the Ringel-Hall algebra realization of the ±-part of quantum enveloping alge- 
bras associated with symmetrizable Cartan matrices is an important breakthrough in 
the early nineties of the last century, especially for the introduction of the geometric 
approach to the theory, the same problem for the entire quantum groups is far from 
completion. However, Beilinson-Lusztig-MacPherson (BLM) [3] solved the problem 
for quantum by exploring further properties coming out from the quantum Schur- 
Weyl reciprocity. On the other hand, as endomorphism algebras and as homomorphic 
images of quantum g[„, it is natural to look for presentations for quantum Schur al- 
gebras via the presentation of quantum This problem was first considered in [16] 
(see also ^26j ). Thus, as a particular feature in the type A theory, realizing quantum 
0[„ and presenting quantum Schur algebras form the Level HI of this duality relation. 
For a complete account of the quantum Schur-Weyl theory and further references, 
see Parts 3 and 5 of [llj . 
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There are several developments in the establishment of an affine analogue of the 
quantum Schur-Weyl theory. Soon after BLM's work, Ginzburg and Vasserot |32^ 
179] used a geometric and i^-theoretic approach to investigate affine quantum Schur 
algebras^ as homomorphic images of quantum loop algebra U(0[„) of 0[„ in the sense 
of Drinfeld's new presentation jl9] . called quantum affine 0[„ (at level 0) in this 
paper. This establishes at Level I the first centralizer property for the affine analogue 
of the quantum Schur-Weyl reciprocity. Six years later, investigations around affine 
quantum Schur algebras focused on their different definitions and hence different 
applications. For example, Lusztig [58] generalized the fundamental multiplication 
formulas [3, 3.4] for quantum Schur algebras to the affine case and showed that 
(extended) quantum affine sin does not map onto affine quantum Schur algebras; 
Varagnolo- Vasserot |77] investigated Ringel-Hall algebra actions on tensor spaces 
and described the geometrically-defined affine quantum Schur algebras in terms of 
the endomorphism algebras of tensor spaces. Moreover, they proved that the tensor 
space definition coincides with Green's definition |35] via g-permutation modules. 
Some progress on the second centralizer property has also been made recently by 
Pouchin |62] . The approaches used in these works are mainly geometric. However, 
like the non-affine case, there would be more favorable algebraic and combinatorial 
approaches. 

At Level II, representations at non-roots-of-unity of quantum affine sin and qI^ 
over the complex number field C, including classifications of finite dimensional simple 
modules, have been thoroughly investigated by Chari-Pressley [SI El [Z] , and Frenkel- 
Mukhin |28] in terms of Drinfeld polynomials. Moreover, an equivalence between the 
module category of the Hecke algebra 'Hjj')(c and a certain full subcategory of quan- 
tum affine sin (resp., g[„) has also been established algebraically by Chari-Pressley 
[8] (resp., geometrically by Ginzburg-Reshetikhin- Vasserot |31] ) under the condition 
n > r (resp., n ^ r). Note that the approach in [31] uses intersection cohomology 
complexes. It would be interesting to know how affine quantum Schur algebras would 
play a role in these works. 

Much less progress has been made at Level III. When n > r, Doty-Green [16] 
and McGerty [60] have found a presentation for affine quantum Schur algebras, while 
the last two authors of the paper have investigated the realization problem in [23] . 
where they first developed an approach without using the stabilization property, a 
key property used in the BLM approach, and presented an ideal candidate for the 
realization of quantum affine g[„. 

This paper attempts to establish the affine quantum Schur-Weyl theory as a whole 
and is an outcome of algebraically understanding the works mentioned above. 

First, building on Schiffmann [70] and Hubery [40] , our starting point is to in- 
terpret Drinfeld's quantum affine 0[„ in the sense of [19] as the double Ringel-Hall 
algebra 2)a('^) over Q{v) of the cyclic quiver A(?t,) with n vertices, and present the 
latter in terms of Chevalley type generators. In this way, we easily obtain an action 



Perhaps, it should be cahed quantum affine Schur algebras. Since our purpose is to establish 
an affine analogue of the quantum Schur-Weyl theory, this terminology seems more appropriate to 
reflect this. 
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on the tensor space which upon restriction coincides with the Ringel-Hall algebra ac- 
tion defined geometrically by Varagnolo-Vasserot |77] and commutes with the affine 
Hecke algebra action. 

Second, by a thorough investigation of a BLM type basis for affine quantum Schur 
algebras, we introduce certain triangular relations for the corresponding structure 
constants and, hence, a triangular decomposition for affine quantum Schur algebras. 
With this decomposition, we establish explicit algebra epimorphisms = ^r,Q{-") from 
the double Ringel-Hall algebra 'S)i,{n) to affine quantum Schur algebras Si,{n,r) := 
iS/^(n, r)Q(„) for all r ^ 0. This algebraic construction has several nice applications, 
especially at Levels II and III. For example, the homomorphic image of commutator 
formulas for semisimple generators gives rise to a beautiful polynomial identity whose 
combinatorial proof remains mysterious. 

Like the quantum Schur algebra case, we will establish for n ^ r a Morita equiv- 
alence between affine quantum Schur algebras Si^{n, r)^ and affine Hecke algebras 
^a('^)f of type A over a field F with a non-root-of-unity parameter. As a by-product, 
we prove that every simple 5a(^) r)]f-module is finite dimensional. Thus, applying the 
classification of simple T-L^{r) c-T^odu\es by Zelevinsky [85] and Rogawski [69] yields a 
classification of simple r)c-modules. Hence, inflation via ^^^c gives many flnite 
dimensional simple U(c(0{„)-modules. We will also use the epimorphisms ^^^c together 
with the action on tensor spaces and a result of Chari-Pressley to prove that flnite 
dimensional simple polynomial representations of Uc(gt„) are all inflations of simple 
^^(n, r)c-modules. In this way, we can see the bridging role played by affine quan- 
tum Schur algebras between representations of quantum affine g(„ and those of affine 
Hecke algebras. Moreover, we obtain a classification of simple ^^(n, r)c-modules in 
terms of Drinfeld polynomials and, when n > r, we identify them with those arising 
from simple 'HA('")c-modules. 

Our findings also show that, if we regard the category Si,{n,r)c-Mod of S^{n,r)c- 
modules as a full subcategory of Uc(5[„)-modules, this category is quite different from 
the category C^^ fl C considered in [56, §6.2]. For example, the latter is completely 
reducible and simple objects are usually inflnite dimensional, while iSA(n, r)c-Mod is 
unlikely to be completely reducible and all simple objects are flnite dimensional. As 
observed in [22i Rem. 9.4(2)] for quantum gl^ and inflnite quantum Schur algebras, 
this is another kind of phenomenon of inflnite type in contrast with the flnite type 
case. 

The discussion of the realization and presentation problems is also based on the 
algebra epimorphisms C,r and relies on the use of semisimple generators and indecom- 
posable generators for 2)a(^) which are crucial to understand the integral structure 
and multiplication formulas. We flrst use the new presentation for 'SDi,{n) to give a de- 
composition for S/:,{n,r) = \Ji^{n,r)Z/:,{n,r) into a product of two subalgebras, where 
Za(^, r) is a central subalgebra and Ua(?t-, t) is the homomorphic image of UA(r;,), the 
extended quantum affine s[„. By a close look at this structure, we manage to get a 
presentation for S^{r, r) for all r ^ 1 and acknowledge that the presentation problem 
is very complicated in the n < r case. On the other hand, we formulate a realization 
conjecture suggested by the work |23] and prove the conjecture in the classical (f = 1) 
case. 
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We remark that, unlike the geometric approach in which the ground ring must 
be a field or mostly the complex number field C, the algebraic, or rather, the 
representation-theoretic approach we used in the paper works largely over a ring 
or mostly the integral Laurent polynomial ring Z[f,f~^]. 

We organize the paper as follows. 

In the first preliminary chapter, we introduce in §1.4 three different types of 
generators and their associated monomial bases for the Ringel-Hall algebras of cyclic 
quivers, and display in §1.5 the Green-Xiao Hopf structure on the extended version 
of these algebras. 

Chapter 2 introduces a new presentation using Chevalley generators for Drin- 
feld's quantum loop algebra \J{qI^) of gl„. This is achieved by constructing the 
presentation for the double Ringel-Hall algebra 'J^^{n) associated with cyclic quivers 
(Theorem 12.2.31) . based on works of Schiffmann and Hubery, and by lifting Beck's 
algebra monomorphism from the quantum sl„ with a Drinfeld-Jimbo presentation 
into U(g[„) to obtain an isomorphism between X>/s^{n) and U(gl„) (Theorem 12. 3. 5p . 

Chapter 3 investigates the structure of affine quantum Schur algebras. We first 
recall the geometric definition by Ginzburg-Vasserot and Lusztig, the Hecke algebra 
definition by R. Green and the tensor space definition by Varagnolo-Vasserot. Using 
the Chevalley generators, we easily obtain an action on the Q(f )-space f2 with a basis 
indexed by Z, and hence, an action on fl^^ (§3.5). We prove that this action com- 
mutes with the affine Hecke algebra action defined in [77j . Moreover, we show that 
the restriction of the action to the ±-part of 2)a('^) (i-e., to the corresponding Ringel- 
Hall algebra) coincides with the Ringel-Hall algebra action geometrically defined by 
Varagnolo-Vasserot (Theorem 13.6.31) . As an application of this coincidence, the com- 
mutator formula associated with semisimple generators, arising from the skew-Hopf 
pairing, gives rise to certain polynomial identity associated with a pair of elements 
A, /X e (Corollary 13.9. 6p . The main result of the chapter is an elementary proof of 
the surjective homomorphism C,r from the double Ringel-Hall algebra ^^^(n), i.e., the 
quantum loop algebra U(0[„), onto the affine quantum Schur algebra SA{n,r) (Theo- 
rem [3]8lT]). The approach we used is the establishment of a triangular decomposition 
of S^{n,r) (Theorem 13. 7. 7p through an analysis of the BLM type bases. 

In Chapter 4, we discuss the representation theory of affine quantum Schur alge- 
bras over C and its connection to polynomial representations of quantum affine g[„ 
and representations of affine Hecke algebras. We first establish a category equiv- 
alence between the module categories ^^(n, r)c-mod and 'H^{r)c-fr\od for n ^ r 
(Theorem I4.1.3p . As an application, we will reinterpret Chari-Pressley's category 
equivalence (^ Th. 4.2]) between (level r) representations of Uc(sin) and those of 
affine Hecke algebras 'Hjj')^^ where > r, in terms of representations of SJji^r)^ 
(Proposition I4.2.T1) . We then develop two approaches to the classification of simple 
Sdji, r)c-modules. In the so-called upwards approach, we use the classification of sim- 
ple 'HA('^)c-modules of Zelevinsky and Rogawski to classify simple iSA(n, r)c-modules 
(Theorem 14.3.40 . while in the downwards approach, we determine the classification of 
simple SJji, r)c-modules (Theorem 14.5.80 in terms of simple polynomial representa- 
tions of Uc(gt„). When > r, we prove an identification theorem (Theorem 14.4. 21) for 
the two classifications. Finally, in §4.6, a classification of simple [^(n, r)c-modules is 



INTRODUCTION 



5 



also completed and its connection to finite dimensional simple Uc(s[„)-modules and 
finite dimensional simple (polynomial) U(c(0t„)-modules are also discussed. 

We move on to look at the presentation and realization problems in Chapter 
5. Since S)a(^) — Ua(^) CS) Za(^), it follows that Si,{n,r) = \J^{n,r)Z^{n,r), where 
Ua(?t-, r) and Za(t2, r) are homomorphic images of Ua(^) and ZA(n), respectively. Thus, 
Z/^{n, r) C UA(n, r) if and only if n > r. A presentation for V/J^n, r) is given in [60] 
(see also |17j for the case n > r). Building on McGerty's presentation, we first 
give a Drinfeld-Jimbo type presentation for the subalgebra lJ/^{n, r) (Theorem 15. 1.3p . 
We then describe a presentation for the central subalgebra Zi^{n, r) as a Laurent 
polynomial ring in one indeterminate over a polynomial ring in r — 1 indeterminates 
over Q(f). We manage to describe a presentation for «SA(r, r) for all r ^ 1 (Theorem 
I5.3.5P by adding an extra generator (and its inverse) together with an additional set 
of relations on top of the relations given in Theorem 15.1.31 What we will see from 
this case is that the presentation for <SA(n, r) with r > n can be very complicated. 

We discuss the realization problem from §5.4 onwards. We first describe the 
modified BLM approach developed in [23] . With some supporting evidence, we then 
formulate the realization conjecture (Conjecture I5.4.2| ) as suggested in |23[ 5.5(2)], 
and state its classical {v = 1) version. We end the chapter with a closer look at 
Lusztig's transfer maps |59] by displaying some explicit formulas for their action on 
the semisimple generators for S^{n,r) (Corollary I5.5.2p . These formulas show also 
that the homomorphism from U(s[„) to lim«SA(n, n + m) induced by the transfer 

maps cannot either be extended to the double Ringel-Hall algebra 'S)A(n). (Lusztig 
already pointed out that it cannot be extended to Ua(7^).) This somewhat justifies the 
realization conjecture in which a direct product is used instead of the inverse limit. 

In the last Chapter 6, we prove the realization conjecture for the classical {v = 1) 
case. The key step to the proof is the establishment of more multiplication formulas 
(Proposition I6.2.3P between homogeneous indecomposable generators and an arbi- 
trary BLM type basis element. As a by-product, we display a basis for the universal 
enveloping algebra of the loop algebra of 0[„ (Theorem I6.3.4p together with explicit 
multiplication formulas between generators and arbitrary basis elements (Corollary 

Em- 

There are two Appendixes §§3.10,6.4 which collect a number of lengthy calcula- 
tions used in some proofs. 

Conjectures and problems. There are quite few conjectures and problems 
throughout the paper. The conjectures are mostly natural generalizations to the 
affine case, for example, the realization conj ect ure 15 . 4 . 2 1 and the conjectures in §3.8 on 
an integral form for double Ringel-Hall algebras and the second centralizer property 
in the affine quantum Schur-Weyl reciprocity. Some problems are designed to seek 
further solutions to certain questions such as "quantum Serre relations" for semisim- 
ple generators (Problem I2.4.5p . Affine Branching Rules (Problem I4.3.7p . and further 
identification of simple modules from different classifications (Problem 14. 5. lip . There 
are also problems for seeking different proofs. Problems 13.4.31 and 16.4.21 form a key 
step towards the proof of the realization conjecture. 

Notational scheme. For most of the notations throughout the paper, if it 
involves a subscript a or a superscript ^, it indicates that the same notation without A 
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has been used in the non-affine case, say, in [3], [33], etc. Here the triangle A depicts 
the cychc Dynkin diagram of affine type A. 

For a ground ring Z and a 2^-module (or a ^-algebra) A, we often use the notation 
Af := v4® F to represent the object obtained by base change to a field F, which itself 
is a 2^-module. In particular, ii Z = Z[v,v~^], then we write A. for Aq^v). 
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CHAPTER 1 



Preliminaries 

We start with the loop algebra of 0t„(C) and its interpretation in terms of matrix 
Lie algebra. We use the subalgebra of integer matrices of the latter to introduce 
several important index sets which will be used throughout the paper. Ringel-Hall 
algebras Sj/s^{n) associated with cyclic quivers A{n) and their geometric construction 
are introduced in §1.2. In §1.3, we discuss the composition subalgebra Ca(?t-) of 
^a(^) and relate it to the quantum loop algebra U(s[n). We then describe in §1.4 
three types of generators for ^a(^); which consist of all simple modules together 
with, respectively, the Schiffmann-Hubery central elements, homogeneous semisimple 
modules, and homogeneous indecomposable modules, and their associated monomial 
bases (Corollaries 11.4.21 and ll.4.6p . These generating sets will play different roles 
in the sequel. Finally, extended Ringel-Hall algebras and their Hopf structure are 
discussed in §1.5. 



1.1. The loop algebra 0[„ and some notations 

For a positive integer n, let 0t„(C) be the complex general linear Lie algebra, and 

let 

Sue) :=gl„(C)®C[t,t-^] 

be the loop algebra associated to 0t„(C); see [47]. Thus, 0t„(C) is spanned by Ei j^t^ 
for all 1 ^ i,j ^ n and m G Z, where Ei j is the matrix {SkASjd)is^k,Kn- The (Lie) 
multiplication is the bracket product associated with the multiplication 

We may interpret the Lie algebra 0t„(C) as a matrix Lie algebra. Let Ma^„(C) be 
the set of all Z x Z complex matrices A = {0'ij)i,jez with a^j- G C such that 

(a) ttij = ai^n,j+n for hJ ^ 

(b) for every i G Z, the set {j G Z | aij ^ 0} is finite. 

Clearly, conditions (a) and (b) imply that there are only finitely many nonzero entries 
in each column of A. For A, E G il4,„(C), let [A, B\ = AB-BA. Then (il4,n(C), [ , ]) 
becomes a Lie algebra over C. 

Denote by M„^,(C) the set of n x Z matrices A = [aij) over C satisfying (b). 
Then there is a bijection 

bi : iV4,„(C) — > M„,,(C), ( (1.1.0.1) 
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For i,j e Z, let E^j e Ma,„(C) be the matrix {ek^i)k,iez defined by 

ij j 1 ii k = i + sn, I — j + sn for some s e Z, 
1 otlierwise. 

Tfie set ^ i ^ n,j e Z} is a C-basis of il4,„(C). Since E^-^^^E^,^^^^ = 

^3,pE^qj^(jj^k-)n-i for all i, q,l,k & Z with 1 ^ j,p ^n, it follows that the map 

iW„n(C) ^ SJC), ^ (8) t', 1 ^ i, J ^ n, / e Z 

is a Lie algebra isomorphism. We will identify the loop algebra gt„(C) with M^„(C) 
in the sequel. 

In Chapter 6, we will consider the loop algebra gin :— 0f„(Q) = -^A,n(Q) defined 
over Q and its universal enveloping algebra and triangular parts U{gln)'^, 

and W(gl„)°. Here (resp., W(g[„)~, W(gl„)°) is the subalgcbra of 

generated by Kfj for all i < j (resp., E^j for all i > j, E^^ for all i). We will 
also relate these algebras in §6.1 with the specializations at v = 1 of the Ringel-Hall 
algebra S^iJ(n) and the double Ringel-Hall algebra Djji) . 

We now introduce some notations which will be used throughout the paper. 
Consider the subset Mi^n{'Z) of M^n{'^) consisting of matrices with integer entries. 
For each A e Ma,„(Z), let 

We obtain functions 

ro,co:il4,„(Z) ^Z^, 

where 

Z2 := {{X^)^ez I A, G Z, A, = Ai_„ for i G Z}. 
For A = {Xi)iez eZ2, Ae M^n{Z) and io G Z, let 



Clearly, both a{\) and are defined and independent of io. We sometimes identify 
Z^ with Z" via the following bijection 

bsrZ-^Z", A^b2(A) = (Ai,...,A„). (1.1.0.2) 

For example, we define a "dot product" on Z" by A . := b2(A) . b2(//) = Z^ILi ^il^i^ 
and define the order relation ^ on Z" by setting 

<^ b2(A) ^ b2(At) <S=^ Xi ^ //i for all 1 ^ i ^ n. (1.1.0.3) 

Also, let G Z^ be defined by b2(e^) = = (0, . . . , 0, 1 , 0, . . . , 0). 

{«) 

Let 

e^(n) :^{A = (a,,,-) G 714,„(Z) | a,,,- G N} = 714,„(N), 
K :={(Ai)iez e Z^ I Ai ^ 0}, 
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and for r ^ 0, 

e^(n,r) ■.={AeQ^in) \ (t(A) = r} 
A^(n,r) :={A G I a(A) = r}. 

The set M„(Z) can be naturally regarded as a subset of M„^,(Z) by sending 
to {aij)i^i^n,j&, where = if j G Z\[l,n]. Thus, (the inverse of) bi 
induces an embedding 

b'l : M„(Z) A4„,(Z). (1.1.0.4) 

By removing the subscripts A, we define similarly the subsets Q{n), G(n, r) of M„(Z) 
and subset A(n, r) of N", etc. Note that b2(A^(n, r)) = A(n, r). 

Let ^ = Z[f,f^^], where f is an indeterminate, and let Q(f) be the fraction field 
of Z. For integers A^, t with t ^ 0, let 



t 



If we put [ni] 



n 



,,m , — m 



G 2 and 



A^ 




1. 



[7] and [AT]! := [1][2] ■ ■ ■ [AT], then [^] 



mN-ty 



(1.1.0.5) 
for all 



When counting occurs, we often use 



TN' 




'N' 


[ t _ 




_ t _ 



to denote the Gaussian polynomials in f ^. 

Also, for any Q(f )-algebra £/ and an invertible element X G let 

I I and = 1. 

J. J. yS _ y S 



X; a 



t 



for all a,t & Z with t ^ 1. 







1.1.0.6) 



1.2. Representations of cyclic quivers and Ringel— Hall algebras 

Let A{n) {n ^ 2) be the cyclic quiver 




n-l 



with vertex set / = Z/nZ = {1, 2, . . . , n} and arrow set {z — )■ z + 1 | z G /}. Let F 
be a field. By Rep^(n) = Rep}^A (n) we denote the category of finite-dimensional 
nilpotent representations of A(n) over F, i.e., representations V = (Vi, fi)i£i of A{n) 
such that all Vi are finite dimensional and the composition /n ■ ■ ■ /2/1 : Vi Vi is 
nilpotent. The vector dimV^ = (dimp V^) G NJ = is called the dimension vector 
of V. (We shall sometimes identify NJ with N" under fll.l.0.2p .) For each vertex 
i G I, there is a one-dimensional representation Si in Rep^(n) satisfying {Si)i = F 
and {Si)j = for j ^ i. It is known that the Si form a complete set of simple 
objects in Repz^(n). Hence, each semisimple representation in Rep^(?2) is given by 
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Sa = ®i&i(iiSi, where a = (oi, . . . , a„) G NJ. A semisimple representation is called 
sincere if a is sincere, namely, all positive. In particular, the vector 

(5 := (1, . . . , 1) e 

will be often used. 

Moreover, up to isomorphism, all indecomposable representations in Rep^(n) 
are given by Si[l] {i E I and / ^ 1) of length / with top S^. Thus, the isoclasses 
of representations in Rep^(n) are indexed by multisegments vr = Xlie/ i^i'^iA^'->^)i 
where the representation M(7r) corresponding to vr is defined by 

M(7r) = M]F(7r) = Tr,,,,^^/]. 

Since the set 11 of all multisegments can be identified with the set 
©A l'^) = {A = e QiSji) I = for i ^ j] 
of all strictly upper triangular matrices via 

ba : e+(n) — >Yi, A= {aij)ij(.z i — ^ J - 

we will use S^(^) to index the finite dimensional nilpotent representations. In par- 
ticular, for any i,j G Z with i < j, we have 

M''^ := M{Etj) = Si[j - i], and M^+"'^'+" = M''^ . 

Thus, for any A = (aij) G Q^{n) and io G Z, 

M{A) = M^{A)= a,,,M^'^= a,,,M*'^'. 

For y4 = (ajj) G 6^(?t,), set 

Then dimFM(A) = D{A). Moreover, for each A = (A,) G NJ, set Ax = (aij) with 
«ij = i.e., = Er=i '^^^^ 

^(^a) = KS, =: Sx (1.2.0.7) 

is semisimple. Also, for A G G^(n), we write d{A) = dim M{A) G ZJ, the dimension 
vector of M{A). Hence, ZJ is identified with the Grothendieck group of Rep^(n). 

A matrix A = {aij) G 0^(^) is called aperiodic if for each 1^1, there exists 
i G Z such that aj^j+i = 0. Otherwise, A is called periodic. A nilpotent representation 
M{A) is called aperiodic (resp., periodic) if A is aperiodic (resp., periodic). 

It is well known that there exist Auslander-Reiten sequences in Rep (n) ; see [T] . 
More precisely, for each i G / and each / ^ 1, there is an Auslander-Reiten sequence 

S,+i[l] ss + 1] © S,+i[l - 1] ^ S,[l] 0, 

where we set S'j+i[0] = by convention. The S'i+i[/] is called the Auslander-Reiten 
translate of Si[l], denoted by rS'j[/]. In this case, r indeed defines an equivalence 
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from Rep^(n) to itself, called the Auslander-Reiten translation. For each A = 
(aij) G e+(n), we define t{A) e 0+(n) by M{t{A)) = tM{A). Thus, if we write 
t{A) = ipij) G 0^(n), then hij = aj_ij_i for all 

We now introduce the degeneration order on Q^{n) and generic extensions of 
nilpotent representations. These notions play an important role in the study of bases 
for both the Ringel-Hall algebra Sj^{n) of A(n) and its composition subalgebra ^^(n); 
see, for example, \10\ I12j . For two nilpotent representations M, N in Repz:^(n) with 
dim M = dim A^, define 

AT M ^ dimF Hom(X, N) ^ dimp Hom(X, M) for all X G Rep°A(n); 

(1.2.0.8) 

see [86] . This gives rise to a partial ordering on the set of isoclasses of representations 
in Rep9^(n), called the degeneration order. Thus, it also induces a partial order on 
6^(n) by letting 

A^dgB^ M{A) ^dg M{B). 

By |63j and |10l §3], for any two nilpotent representations M and A^, there exists a 
unique extension G (up to isomorphism) of M by with minimal dim End (G). This 
representation G is called the generic extension of M by A^ and will be denoted by 
M * A^ in the sequel. Moreover, for nilpotent representations Mi, M2, M3, 

(Ml * M2) * M3 ^ Ml * (M2 * M3). 

Also, taking generic extensions preserves the degeneration order. More precisely, if 
A^i ^dg Ml and A'2 ^dg M2 , then A^i * A'2 ^dg Mi * M2. For A,B e e+(n), let 
A * 5 G e+(n) be defined by M{A * B) = M{A) * M{B). 

As above, let Z = Z[f , v~^] be the Laurent polynomial ring in indeterminate v. By 
[68] and [36], for A, Bi, . . . , Bm G 9^(n), there is a polynomial ipj^^ G Z[v'^] in w^, 
called the Hall polynomial, such that for any finite field F of g elements, ip'^_^ \v'^=q 

(the evaluation of 'PBi....,Bm "^^ ~ ^) ^Q^^ls to the number F^^^j^^^^ Mp{Bm) 
filtrations 

= M„ C M„„i C ■ ■ ■ C Ml C Mo = Mr{A) 

such that Mt-i/Mt = Mf{Bt) for all 1 ^ t ^ m. 

Moreover, for each A = {aij) G 9^(n), there is a polynomial = ci^(f^) G 2 in 
such that, for each finite field F with q elements, a.A\v^=q = \ Aut(MF(A))|; see, for 
example, |61l Cor. 2.1.1]. For later use, we give an explicit formula for a^- Let tua 
denote the dimension of rad End(MF(v4)), which is known to be independent of the 
field F. We also have 

End(MF(A))/rad End(MF(A)) = J] M,,_^.(F), 

l^j^n, ai j >0 

where M^. ^. (F) denotes the full matrix algebra of j x matrices over F. Hence, 
|Aut(MF(A))| = |Fr^ W |GL,^,(F)|. 
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Consequently, the polynomial 

aA = v^""^ Y[ - - v^) ■ ■ ■ {v^'''-^ - t;^"'-^-^). (1.2.0.9) 

l^i^n, aij >0 

In particular, if z G C is not a root of unity, then aA|t,2=2 ^ 0. 

Let Sj^{n) be the (generic) Ringel-Hall algebra of the cyclic quiver A(n), which 
is by definition the free Z-module over with basis {ua = U]^m{A)] I ^ ^ ©a^ ("-)}• The 
multiplication is given by 

cae+in) 

for A, B E Q^{n), where 

(d(A),d(fi)) = dimHom(M(A),M(fi)) -dimExt^(M(A),M(5)) (1.2.0.10) 

is the Euler form associated with the cyclic quiver A(n). If we write d{A) = (oj) 
and d{B) = (bi), then 

(d(A), d{B)) = J2 «A - Yl (1.2.0.11) 

Since both dimp End(MF(y4)) and dimFMF(y4) = f(A) are independent of the 
ground field, we put for each A G Q^{n), 

d'A = dimF End(MF(A)) - dimF M^{A) and ua = v'^'^ua] (1.2.0.12) 

cf. [121 (8.1)]E As seen in [12j, it is convenient sometimes to work with the PBW 
type basis {ua \ A G 9^(n)} of 

The degeneration ordering gives rise to the following "triangular relation" in S)J^n): 
for A,..., A G 0A^(^), 

UA, ■■■UA,= v^^^r<s,.W^r)A(A.)) J2 ^l,...,A.UB. (1.2.0.13) 

There is a natural N/-grading on S^^^i''^) : 

^aH= 0iOAHd, (1.2.0.14) 

deN/ 

where Sji^{n)^ is spanned by all ua with d{A) = d. Moreover, we will frequently 
consider in the sequel the algebra S^^{n) = S^^{n) ®z 'Q.iy) obtained by base change 
to the fraction field Q(f). 

In order to relate Ringel-Hall algebras S^Jji) of cyclic quivers with affine quantum 
Schur algebras later on, we recall Lusztig's geometric construction of S^Jji) (special- 
izing u to a square root of a prime power) developed in [55', '56] (cf. also [57]). 

Let F = Fq be the finite field of q elements and d G NJ. Fix an /-graded F-vector 
space V = ©iG/Vi of dimension vector d, i.e., dimp = di for all i E I. Then each 
element in 

Ev = {(/i) e IIomF(V'i, Vi+i) I ■ ■ ■ /i is nilpotent} 
^There is another notation, called cIa, which will be defined in p.l.3.2p for all A e 6A(fi)- 
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can be viewed as a nilpotent representation of A(?t,) over F of dimension vector d. 
The group Gy = HiG/ GLiVi) acts on Ey by conjugation. Then there is a bijection 
between the G^z-orbits in Ey and the isoclasses of nilpotent representations of A(n) 
of dimension vector d. For each A e with d{A) = d, we will denote by Da 

the orbit in Ey corresponding to the isoclass of M{A). 

Define Hd = CcyiEy) to be the vector space of Gy-inYaiiant functions from Ey 
to C. Now let a, b G N" with d = a + b and fix /-graded F-vector spaces U = (BieiUi 
and W = ©jg/Wj with dimension vectors a and b, respectively. Let E be the set of 
triples (x, 0, ip) such that x G Ey and the sequence 

y W V U > 

of /-graded spaces is exact and (p{W) is stable by x, and let F be the set of pairs 
{x,W'), where x G Ey and W C V is an x-stable /-graded subspace of dimension 
vector b. Consider the diagram 

Eij X E\Y < — E — — — y F — — — y Ey, 

where pi,P2,P3 are projections defined in an obvious way. Given / G Cc^iEu) = Ha 
and g G Cc^{Ew) = Hb, define the convolution product of / and g by 

fg = g-i-(-'b)(p3),/, e CgAEv) = Hd, 

where h G C{F) is the function such that = pUfg) and 

m(a, b) = ^ aibi+ ^ flifej+i. 

Consequently, H = 0dGN" becomes an associative algebra over For each A G 
Q^{n), let Xo t>e the characteristic function of Da and put 



A 



By |12l 8.1]), there is an algebra isomorphism 

Sj^in) ®zC^E, forAGO+H, (1.2.0.15) 

where C is viewed as a ^-module by specializing f to g^. In particular, this isomor- 
phism takes ua to (Oa)- 

1.3. The quantum loop algebra U(stn) 

As mentioned in the introduction, an important breakthrough for the structure 
of quantum groups associated with semisimple complex Lie algebras is Ringel's Hall 
algebra realization of the ±-part of the quantum enveloping algebra associated with 
the same quiver; see [65j, 167] . For the Ringel-Hall algebra S)ix{n) associated with a 
cyclic quiver, it is known from [68] that a subalgebra, called the composition algebra, 
is isomorphic to the ±-part of a quantum affine st„. We now describe this algebra 
and use it to display a certain monomial basis. 



^The algebra H defined also geometrically in [7fi 3.2] has a multiplication opposite to the one 
for H here. 
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The Z-subalgebra £a(^) of S}^{n) generated by U[mSi] i} ^ I and m ^ 1) is called 
the composition algebra of A(n). By fll.2.0.141) . <tj(n) inherits an N/-grading by 
dimension vectors: 

deN/ 

where ^^{n)^ = C/^{n) fl S^A{n)^. Define the divided power 

[m\- 

for i G / and m ^ 1. In fact, 

We now use the strong monomial basis property developed in \10\ 112] to construct 
an explicit monomial basis of €/s^{n). For each A = (aij) G Q^{n), define 

i = £a = max{j — i \ aij ^ 0}. 

In other words, I is the Loewy length of the representation M{A). 

Suppose now A is aperiodic. Then there is ii G [l,n] such that ai^,i^+(. 7^ 0, but 
aij+i,j^+i+^ = 0. If there are some ajj+ij 7^ 0, we let p ^ 1 satisfy that Oj^+i^jj+i+p 7^ 
and Oii+ij = for all j > ii + 1 + p; if ctji+ij = for all j > ii + 1, let p = 0. Thus, 
i > p. Now set 

and define Ai = (bij) G Q^{n) by letting 

{0, iii = iij ^ii + l+p, 

Oii+ij + Oil J, if 2 = ii + 1 < j,j ^ ii + 1 + p, 
ajj, otherwise. 

Then, is again aperiodic. Applying the above process to Ai, we get ^2 and ^2- Re- 
peating the above process (ending with the zero matrix), we finally get two sequences 
ii, . . . ,im and ti, . . . , tm- This gives a word 

wa = ii^i ' ' ' '^m -I 

where ii, . . . ,im are viewed as elements in J = Tj/tiIj, and define the monomial 

The algorithm above can be easily modified to get a similar algorithm for quantum 
We illustrate the algorithm with an example in this case. 

12 3 4 

Example 1.3.1. If A = ^l^,theni = 4,2i = l,p = 1 and ti = 2 + 3 + 4 = 9. Here 

7 

we ignore all zero entries on and below the diagonal for simplicity. Then 



A,= 


1000 
734 

6 ' 
7 




= 2,p = 


1 and t2 


=3+4=7 


A2 = 


10 
7 
9 4 5 
7 

10 
7 
9 ; 
11 




= 3,p = 


1 and ts 


= 4 




i=l,ii 


= A,p = 


and t4 


= 11 
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and = 3,p = 0, = 9, = 2,p = 0, = 7 and ij = l,p = 0,1^ = 1. Hence, 

(A) (9) (7) (4) (11) (9) (7) (1) 

Proposition 1.3.2. The set 

{u^^^ I A G Q^{n) aperiodic} 

is a Z-hasis of 

Proof. Let A G 6^(n) be aperiodic and let wa = '^i^4^''''^m be tlie corre- 
sponding word constructed as above. By [10[ Th. 5.5], wa is distinguished, that is, 
^M,...,A^ = 1> where A, = ts^^t,i.+i for 1 ^ s ^ m. By [H Th. 7.5(i)], the m^^^ with 
A G 0^(^) aperiodic form a Z-basis of ^Jji). □ 

We now define the quantum enveloping algebra of the loop algebra (the quantum 
loop algebra for short) of st„. Let C = C/\^n) = be the generalized Cartan 

matrix of type v4„_i, where / = Z/nZ. We always assume that if ^ 3, then Cj^j = 2, 
Cj^j+i = Cj+i^j = — 1 and Cjj = otherwise. If n = 2, then ci^i = C2,2 = 2 and 
Ci 2 = C2 1 = —2. In other words. 



C=\\ / 1 or C 



/2 -1 ■■■ -1\ 
-1 2 -1 ... 
-1 2 ... 



••■ 2 -1 
V-1 ••■ -1 2 / 



(n^3). (1.3.2.1) 



The quantum group associated to C is denoted by U(s[„). 

Definition 1.3.3. Let n ^ 2 and / = 'L/n'L. The affine quantum loop algebra U(sl„) 
is the algebra over 'Q,{v) presented by generators 

Ei, Fi, K,, K-\ I G /, 

and relations: for i,j & I 

(QSLO) K^K2 ■ ■ ■ K„ = 1^ ^ 

(QSLl) KiKj = KjKu KiKr^ = 1; 

(QSL2) KiEj =v^^-^EjKf, 

(QSL3) KiFj = v-^^'^FjKf, 

(QSL4) EiEj = EjEi, FiFj = FjE^ if z ^ j ± 1; 

(QSL5) EiF, - F,E, = 

(QSL6) EfEj -{v + v-^)EiEjEi + EjEf = if 2 = j ± 1 and n ^ 3; 
(QSL7) F^Fj -{v + v-^)FiFjFi + FjFf = if i = j ± 1 and n ^ 3; 
(QSL6') EfEj - (i;2 + 1 + v~^)EfEjEi + {v^ + 1 + v-^)EiE^Ef - EjEf = if z ^ j 
and n = 2; 

(QSL7') F.^Fj -{v^ + l + v-^)FfFjFi + {v^ + I + v-^)FiF,Ff - F^Ff = ii i ^ j 
and n = 2. 
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For later use in representation theory, let Uc(s[„) be the quantum loop algebra 
defined by the same generators and relations (QSL0)-(QSL7) with v replaced by a 
non-root of unity 2; G C and Q(f ) by C. 

A new presentation for U(sl„) and Uc(5[„), known as Drinfeld's new presentation, 
will be discussed in §2.3. 

In this paper, quantum affine sin always refers to the quantum loop (Hopf) algebra 
We will mainly work with U(5[„) or quantum groups defined over Q{v) and 
mention from time to time a parallel theory over C. 

Let \J{sln)~^ (resp., U(s[„)~, U(st„)°) be the positive (resp., negative, zero) part 
of the quantum enveloping algebra U(st„). In other words, U(sl„)"'" (resp., U(st„)~, 
U(s[„)°) is a Q(f )-subalgebra generated by Ei (resp., Fj, K"^^), i E I. 

Let 

Thus, Ca(^) identifies with the Q(f )-subalgebra ^a(^) generated by Ui := ^[5.] for 

I e I. 

Theorem 1.3.4. ( [68] ) There are Q{v)-algebra isomorphisms 

Clin) — )■ U(st„)+, Ui I — )■ Ei and C^in) — > U(st„)~, Ui 1 — > Fi. 
By this theorem and the triangular decomposition 

the basis displayed in Proposition 11.3.2] gives rise to a monomial basis for the U(s[„). 
1.4. Three types of generators and associated monomial bases 

In this section, we display three distinct minimal sets of generators for ^a(^); each 
of which contains the generators {ui}i^j for (ti^{n). We also describe their associated 
monomial bases for ^a(^) iii the respective generators. 

The first minimal set of generators contains simple modules and certain central 
elements. These generators are convenient for a presentation for the double Ringel- 
Hall algebra over Q{v) (or a specialization at a non-root of unity) associated to cyclic 
quivers (see Chapter 2). 

In [70j Schiffmann first described the structure of ^a(^) as a tensor product 
of Ca(^) and a polynomial ring in infinitely many indeterminates. Later Hubery 
explicitly constructed these central elements in [39] . More precisely, for each m ^ 1, 
le10 

= (_l)™^-2nm ^(_^)dimEnd(M(A))^^^^ ^ (1.4.0.1) 
A 

where the sum is taken over all A G Q^{n) such that d{A) = dimM(A) = m6 with 
(5 = (1, . . . , 1) G N", and socM(A) is square-free, i.e., dim socM(A) ^ 5. Note that 
in this case, socM(74) is square-free if and only if top M{A) := M{A)/T8idM{A) is 
square- free. The following result is proved in [70t, i39j . 

"'if (QSLO) is dropped, it also defines a quantum affine s[„ with the central extension; see, e.g., 

m. 

^The element c„i is the same element as Cn^m defined in [401 §2.3]. 
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Theorem 1.4.1. The elements Cm are central in S^iJ(n). Moreover, there is a decom- 
position 

S3^{n) = C^{n) Q{v)[ci, C2, . . .], 

where Q{v)[ci, C2, . . .] is the polynomial algebra in Cm for m ^ 1. In particular, S^/s^{n) 
is generated by Ui and Cm for i & I and m ^ 1. 

We will call the central elements q the Schiffmann-Hubery generators. 
Let A = (aij) G 0^(n). For each s ^ 1, define 

nig = ms{A) = minjajj \ j — i = s} and A' = A — rrij^iEfj. (1.4.1.1) 

l^i^n, i<j 

Then A' is aperiodic. Moreover, for A,B E Q^{n), 

A = B A' = B' and m,(A) = m,(S), V s ^ 1. 
Finally, for A G Q'^{n), define 

= JJ^c^" G ^a(^), where = ms{A). 

The next corollary is a direct consequence of Theorem 11.4.11 and Proposition 11.3.21 
Corollary 1.4.2. The set 

{u^^'^c^ I A G e+(n)} 

is a Q{v) -basis of S^Jji). 

Next, we look at the minimal set of generators consisting of simple modules and 
/iomog'eneo'us semisimple modules. It is known from [77, Prop. 3.5] (or [12, Th. 5.2(i)]) 
that ^a('^) is also generated by = U[s^] for a G NT, see also f ll.4.4.ip below. If a is 
not sincere, say a, = 0, then 

n ^^^j^<ri^---<<"---<ri'eCA(n). (1.4.2.1) 

Thus, ^a('^) is generated by Ui and Ua for i G / and a G NJ sincere. Indeed, this 
result can be strengthened as follows; see also |70i p. 421]. 

Proposition 1.4.3. The Ringel-Hall algebra S^Jji) is generated by Ui and UmS for 
i E I and m ^ 1. 

Proof. Let Sj' be the Q(u)-subalgebra generated by Ui and UmS for i G / and 
m ^ 1. To show Sj' = Sj/^{n), it suffices to prove Ma = U[s^] G for all a G NT 

Take an arbitrary a G NT We proceed induction on a (a) = XliG/ show 
Ua ^ If cr(^) = or 1, then clearly Ua G Sj'. Now let cr(a) > 1. If a is not 
sincere, then by fll.4.2.ip . Ma G Sj'. So we may assume a is sincere. The case where 
ai = ■ ■ ■ = a„ is trivial. Suppose now there exists z G / such that 7^ Oj+i. Define 
a' = (a;.), a" = (aj) G NJ by 

, \ai-l, if j = i] „ Joi+i-l, ifj = z + l; 

a,- = < , and a, = < 

Oj, otherwise, Oj, otherwise. 
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Then, we have in ^a('^) 

UiUa' = v'''~°-'+^'^{ux + v"-'~'^[ai]ua) and 

where X G 0^(^) is given by 

M{X)= a,5,©(a,-l)5,©(a,+i-l)5,+i©5,[2]. 

Therefore, 

The inequahty 7^ Oj+i imphes f'^'^"'^[ai] — f "'+^^"'^[aj+i] 7^ 0. Thus, we obtain 

Since cr(a') = a(a") = (T(a) — 1, we have by the induction hypothesis that both u^' 
and Ma" belong to Sj'. Hence, Ua G Sj'. This finishes the proof. □ 

Remark 1.4.4. We will see that semisimple modules as generators are convenient 
for the description of Lusztig type integral form. First, by [12^ Th. 5.2(ii)], they 
generate the integral Ringel-Hall algebra i3A(^) over Z. Second, there are in §2.4 
explicit commutator formulas between semisimple generators in the double Ringel- 
Hall algebra. Thus, a natural candidate for the Lusztig type form of quantum affine 
0[„ is proposed in §3.7. 

Finally, we introduce a set of generators for S^aI^) consisting of simple and ho- 
mogeneous indecomposable modules in Repz;\(?2). Since indecomposable modules 
correspond to simplest non-diagonal matrices, these generators are convenient for 
deriving explicit multiplication formulas; see §3.4, §5.4 and §6.2. 

For each A G Q^{n), consider the radical filtration of M{A) 

M{A) D radM(A) rad^-H'I{A) D rad*M(A) = 

where t is the Loewy length of M{A). For 1 ^ s ^ t, we write 

rad '-^M{A) /rad 'M{A) = Sa, for some a, G NJ. 
Write = Wai ■ ■ - Uat- Applying ( 11.2.0. 13p gives that 

where f{B) G Q{v) with f{A) = v^i<'>^'^'"'^'K In other words, 

UA = fiAr'raA- f{A)-'f{B)uB. 

B<dgA 

Repeating the above construction for maximal B with B <dg A and continuing this 
process, we finally get that 

UA= Yl (1.4.4.1) 
where G Q{v) with (pi = f{A)-^ ^ 0. 
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Proposition 1.4.5. For each s ^ 1, choose is G Z+. Then Sji,{n) is generated by Ui 
and Uei^ for i E I and s ^ 1. 

Proof. For each m ^ 1, let Sji^{n)^"^^ be the Q(f )-subalgebra of Sj^{n) generated 
by Ui and Uss for i G / and 1 ^ s ^ m. By convention, we set Sj/^{n)^'^^ = Ca(?7,). 
Clearly, each Sji^{n)^'^^ is also N/-graded. By Theorem ll.4.1l Sj^{n)^"^^ is also generated 
by Ui and Cg for i G I and 1 ^ s ^ m. Moreover, Sji^{n)^"^~^^ ^ Sj^in)^"^^ for all m ^ 1. 

We use induction on m to show the following 

Claim: Sjis,{n)^™'^ is generated by Ui and u^^ , ^ for z G / and 1 ^ s ^ m. 

Let m ^ 1 and suppose the claim is true for 93iJji)^'^^^\ Applying f ll.4.4.ip to 

^ = ^t,i™+mn gives 

Mi?= 5Z 0|n^B = 0imij+ ^ 0|mB + 0gmc, (1.4.5.1) 

where C = ^4^5 = '^nzj'^nE^i+ii i-^-, M(C) = SmS and mc = WmS- For each B with 
i? E and B ^ C, the Loewy length of M{B) is strictly greater than 1. Using an 

argument similar to the proof of Proposition [TASI we have G now 
prove that 0^ ^ 0. Suppose 0^ = 0. Then u^; G ^^(n)*-"^"^'*. Furthermore, for each 
j G /, there is 1 ^ p ^ n such that E^j^^^ = t'p{E), where r is the Auslander-Reiten 
translation defined in §1.2. Thus, applying to fll.4.5.ip gives that 

B^C 

Using a similar argument as above, we get u^* g S^Jji)^'^'^'^^\ By definition, we 
have 

= •^A(^)d d G NJ with cr(d) < mn. 

In particular, G ^a(^)^'"~^'' for all i < j with j — i < mn. Consequently, we get 

uei^ . E Sj^(n)^'^^^^ for all i < j with j — i ^ mn.. 

By |62l Th. 3.1], each element in S^/s^{n) can be written as a linear combination of 
products of ua's with M{A) indecomposable. This together with the above discussion 
implies that -^a('^)!^ = •^A(^)m<5- Thus, UmS G S^i^{n)^"^~^\ This contradicts the 
fact that Sj^in)'-"'-^^ ^ ^^^(n)^"'^ Therefore, 0^ 7^ 0. We conclude from fll.4.5.1|) that 

lis - (l)EUmS = (p%VCiE + ^ ^inXij G ^a('^)^'""^\ 

S<dgB 
B^C 

which shows the claim for SjiJ^n)^'^\ This finishes the proof. □ 

By the proof of the above proposition, we see that for m ^ 1, each of the following 
three sets 

{wj, Cs I i G /, 1 ^ s ^ m}, {wj, UsS I i G /, 1 ^ s ^ m}, 
{■Uj, Me* U G /, 1 ^ s ^ m| 
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generates Sji,{ny"^' . Hence, for each m ^ 1, there are nonzero elements Xm, Um ^ 'Q.iy) 
such that 

This together with Corollary 11.4.21 gives the following result. 
Corollary 1.4.6. The set 

is a Q{v)-basis of S^Jji), where A' is defined in f ll.4.1.ip . For each s ^ 1, choose 
is G Then the set 

is also a Q{v)-basis of S^Jji). 

1.5. Hopf structure on extended Ringel— Hall algebras 

It is known that generic Ringel-Hall algebras exist only for Dynkin or cyclic 
quivers. In the finite type case, these algebras give a realization for the ±-part of 
quantum groups. It is natural to expect that this is also true for cyclic quivers. In 
other words, we look for a quantum group such that -^a(^) is isomorphic to its ±-part. 
We will see in Chapter 2 that this quantum group is the quantum loop algebra of 
g[„ in the sense of Drinfeld [19j, which in fact is isomorphic to the so-called double 
Ringel-Hall algebra defined as the Drinfeld double of two Hopf algebras S^Jjif^^ and 
-^a(^)^° together with a skew-Hopf paring. In this section, we first introduce the pair 
S^J^rif^ and ^^(n)'^''. 

We need some preparation. If we define the symmetrization of the Euler form 
f|1.2.U.lUp by 

(a,/3) = {a,(3) + {f3,a), 

then / together with ( , ) becomes a Cartan datum in the sense of |56l 1.1.1]. To a 
Cartan datum, there are associated root data in the sense of |56[ 2.2.1] which play 
an important role in the theory of quantum groups. We shall fix the following root 
datum throughout the paper. 

Definition 1.5.1. Let X = Z", F = Hom(X, Z) and let ( , : Y x X ^ Z he the 

natural perfect pairing. If we denote the standard basis of X by ei, . . . , and the 
dual basis by ki, . . . , k„, then (kj, EjY'^ = 6ij. Thus, the embeddings 

/ — > Y, i I — > i := Ki — Kj+i and / — > X, i i — > i' = Si — Ei^i (1.5.1.1) 

with En+i = Bi and Hn+i = i^i define a root datum {Y, X, ( , Y'^, . . .). 

For notational simplicity, we shall identify both X and Y with ZJ by setting 
Si = i = Hi for all i E I. Under this identification, the form ( , : ZI x ZI ^ Z 
becomes a symmetric bilinear form, which is different from the Euler forms ( , ) and 
its symmetrization ( , ). However, they are related as follows. 
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Lemma 1.5.2. For a = ^ aii G ZJ, if we put a = ^ a^z and a' = ^ aii' , then 

(1) (a, b) = (a, by^ and (2) (a, b) = (a', b)''^ for all a, b G ZI. 

Proof. Since all forms are bilinear, (1) follows from = {iyj'y^ for all 
and (2) from {z, j) = 6i,, - 6i+ij = □ 

We may use the following commutative diagrams to describe the two relations: 

ZI X ZI^ ( ,) ZI X ZI^ { , ) 



X 




ZI X Z/-^ , ) 



Z, 0' X 1 

ZI X ZI^^)"^ 



Z 



We also record the following fact which will be used below and in §2.1. 

Let F be a field. A Hopf algebra over F is an F-vector space together with 
multiplication /i^, unit t]^, comultiphcation A^, counit and antipode which 
satisfy certain axioms see, e.g., [TTi , §5.1]. 



Lemma 1.5.3. If = (j^/, jj,,r], A,e,a) is a Hopf algebra with multiplication /i, unit 
rj, comultiplication A, counit e and antipode a, then =2/°^ = (is/, r], A°p, e, a) is 
also a Hopf algebra. This is called the opposite Hopf algebra of . Moreover, if a 
is invertible, then both , fi°'^,ri, A,e,a^^) and {s^ , ^,ri, A°^,e,a~^) are also Hopf 
algebras, which are called semi-opposite Hopf algebras. 



Let 



^0 



(v) 



±nl 



'1.5.3.11 



Putting X = x®l and y = 1®?/ for x G Sji^{n) and y G Q{v)[K^^, . . . , -ft'^"], -^a(^)^ is 
a Q(f )-space with basis {u\Ko, \ a G ZI, A G 9^(n)}. We are now ready to introduce 
the Ringel-Green-Xiao Hopf structure on Sj^ln)''^. Let Q^{n)i := 6^(n)\{0}. 

Proposition 1.5.4. The Q{v) -space Sj/s^^n)"^^ with basis {u\Ka \ ex G ZI,A G Q^{n)} 
becomes a Hopf algebra with the following algebra, coalgebra and antipode structures. 

(a) Multiplication and unit: 



E 

CG0+(n) 



V 



{d{A),diB)),C 



Va,bUc. for all A,B eQl{n) 



K^u\ = for all a G ZJ, A G 6+ 

KaK/s = Ka+/3, for all a, f3 G ZI. 

with unit 1 = Uq = Kq. 
(b) Comultiplication and counit (Green [34] ) ; 



n] 



A{ut.) 



A,BGe+(n) 



Ka, where C G Q^{n) and a G Z/, 
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with counit e satisfying s{u^) = for all C G 0^(n)i and e{Ka) = 1 for all 
a e ZI. Here, for each a = (oj) G ZI, denotes [KiY'^ ■ ■ ■ (i^n)"" with 

(c) Antipode (Xiao [82]); 



Ci,...,Cmee+(n)i 

for all C G and a{Ka) = K^a, for all a G ZJ. 

Moreover, the inverse of a is given by 

= fc„ + V(-iy» T i,'2:.<,l'i(C.),d(C,)) ''C.---°C.,. 



■ ,CmGe/(n)i 



■ <^Ci,...,c„<^Ci,...,c„^-d(C)^^5 /or C G 0+(n) 
= K^^ for all a G ZI. 



Proof. The Hopf structure on Sj^{n)'^^ is almost identical to the Hopf algebra 
H' defined in the proof of |82[ Prop. 4.8] except that we used Ka instead of in the 
comultiplication and antipode. Thus, the comultiplication of defined here is 

opposite to that defined in [821 Th. 4.5], while the antipode is the inverse. Hence, 
by Lemma n. 5. 3 [ Sj^{n)^^ is the Hopf algebra semi-opposite to a variant of the Hopf 
algebras considered in |82l loc cit]. (Of course, one can directly check by mimicking 
the proof of [821 Th. 4.5] that ^^(n)^ with the operations defined above satisfies the 
axioms of a Hopf algebra.) □ 

Remarks 1.5.5. (1) Because of Lemma [1.5.21 we are able to make the root datum 
used in the second relation in (a) invisible in the definition of Sj/^{n)^^. 

(2) Besides the modification of changing Ka to Ka in comultiplication and an- 
tipode, we also used the Euler form ( , ) (or rather the form ( , Y'^ for the root datum 
given in Definition 11.5. ip instead of the symmetric Euler form ( , ) used in Xiao's 
definition of H' ( [82^ p. 129]) for the commutator formulas between Ka and u\. This 
means that H' is not isomorphic to Sj^{n)'' . However, there is a Hopf algebra homo- 
morphism from H' to ^^(n)^° by sending u\Ka to u\Ka whose image is the (Hopf) 
subalgebra 'Sj^{nY^ generated by Ki and u\ for alH G / and A G 6/(n). Note that 
it sends the central element Ki - ■ ■ Kn ^ 1 m. H' to Ki ■ ■ ■ Kn = 1 in ^^(n)^*^. 

(3) The above modifications are necessary for the compatibility with Lusztig's 
construction for quantum groups in |56j and with the corresponding relations in 
affine quantum Schur algebras. 

It is clear that the subalgebra of ^a(^)^° generated by u\ {A G 9^(n)) is iso- 
morphic to ^a(^)- The subalgebra generated by Ka, a G Z/, is isomorphic to the 
Laurent polynomial ring '^{v)[Kf^, . . . , K^^]. 

Corollary 1.5.6. The Q{v)-space S^^{nY^ with basis {KaU^ \ a G ZI,A G G^(n)} 
becomes a Hopf algebra with the following algebra, coalgebra and antipode structures. 
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(a') Multiplication and unit: 

u-aU-b= J2 ^^''^''^''"-^^^VBAUd for all A, Be 02 in), 

cee+(n) 

u^K^ = v^"^^^^'"^ K^u^ for all aeZI, Ae e+(n), 
KaKi3 = Ka+j3 for all a, (3 e Z/. 

with unit 1 = Uq = Kq. 
(b') Comultiplication and counit: 

A{uc) = V v-m,<iiA))^^c K ^ ^- for all C e e+(n), 

A,B&e+{n) 

A{Ka) ^ Ka^Ka for all a e ZI, 

with counit e satisfying s{uq) — for C e ©^(n)i and e{Ka) — 1 for all 
a e ZI. 
(c') Antipode: 

a{ua) = Sc,o + $^(-1)'" E ^^^»<.<-^(^')''^(^^» " " " 

"1^1 Dee+(n) ''^^ 

Ci,...,c^ee+(n)i 

X <^Si,...,C^¥^Ci,...,C^^d(C)MB, 

for C e ©^(^) owe? o'iKa) = K^a for all a e Z/. 

Proof. Let Sj' be the Q(i;)-space with basis {K'^{u'^y \ a eZI,Ae 6^(^)} and 
define the following operations on Sj': 

{u-a)\us)'= E ^^''^''^''^^Vb,a(«c)' forall^,5ee+(n), 



{a") 



(u 



'K'^ = for all aeZI,Ae e+(n), 



A, 

K'^K'f, = K'^^^ foralla,/3eZ/. 
with unit 1 = (1*0)' = -f^o- 

Hiuc)')- E ^^'^^^''^^^^^^A,BW®^-d(B)M' forallCee+(n), 
(6") A,Bee+{n) ^ 

A«)=<(8)< forallaeZ/ 

with counit £((w^)') = for ^4 e ©+(n)i and s{K'^) — 1 for all a e Z7, where 

"1^1 Dee+(n) '^'^ 

^^//^ Ci,...,Cmee+(n)i 

• ¥'a,...,c.¥'gi,...,c.M'^d(c) for c e e+H, 

(7(X;,) = K'_^ for all a e ZI. 
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By Lemma [1.5.31 if we replace the multiplication of ^a(^)^ by its opposite one 
and a by a^^ and keep other structure maps unchanged, then we obtain the semi- 
opposite Hopf algebra 9^tin)^ of ^^(71)^°. It is clear that the Q(t>)-linear isomorphism 
-^A('^)f° ~^ taking u\Ka ^ {u'^'K'_^ preserves all the operations. Thus, Sj' is a 
Hopf algebra with the operations (a")-(c"). 

Now, for a G ZJ and A G G^(n), set in Sj' , 

K^:=K'_^ and u-^:= v-^"^^^^"^^^^ K'^^j,){u'J . (1.5.6.1) 

Then {KaU^ \ a G ZJ, A G Q^{n)} is a new basis of Sj'. It is easy to check that apply- 
ing the operations (a")-(c") to the basis elements KaU^ gives (a')-(c'). Consequently, 
93^{n)^^ with the operations (a')-(c') is a Hopf algebra. □ 

The proof above shows that SjiJyji)^^ is the semi-opposite Hopf algebra of S^tJ^nf'^ 
in the sense that multiplication and antipode are replaced by the opposite and inverse 
ones, respectively. Note that the inverse a^^ of o in S^iJ^n)^^ is defined by 

m^l I36e+(n) 

Ci,...,Cm6e+(n)i 

By (a'), the subalgebra of $^iJ(n)^^ generated by -u^ {A G 9^(n)) is isomorphic to 
S^JjiY^ . Moreover, there is a Q(f )-vector space isomorphism 

^^{nf'' = Q{v)[K^\ . . . , K^^] S^^{nr. (1.5.6.2) 

Remark 1.5.7. If we put A = Z[{v"^ — l)^^\m-^i-, then fll.2.0.9p guarantees that 
extended Ringel-Hall algebras S)iJ(ny^ and S^tiji)^ over A are well-defined. Thus, if 
V is specialized to 2; in a field (or a ring) F which is not a root of unity, then extended 
Ringel-Hall algebras S)iJyn)^^ : = S^A{n)^ F and S^Ain)^^ over F are defined. 
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Double Ringel— Hall algebras of cyclic quivers 

A Drinfeld double refers to a construction of gluing two Hopf algebras via a skew- 
Hopf paring between them to obtain a new Hopf algebra. We apply this construction 
in §2.1 to the extended Ringel-Hall algebras ^^(n)^^ and Sj^{n)^^ discussed in §1.5 
to obtain double Ringel-Hall algebras S^aI'^) of cyclic quivers. 

The algebras 2)a(^) possess a rich structure. First, by using the Schiffmann- 
Hubery generators and the connection with the quantum enveloping algebra associ- 
ated with a Borcherds-Cartan matrix, we obtain a presentation for (Theorem 
I2.2.3p . Second, by using Drinfeld's new presentation for the quantum loop algebra 
U(0t„), we extend Beck (and Jing)'s embedding of quantum affine sl„ into U(gl„) to 
obtain an isomorphism between S)A(n) and U(gl„) (Theorem l2.3.5p . Finally, applying 
the skew-Hopf pairing to semisimple generators yields certain commutator relations 
(Theorem 12.4.31) . Thus, we propose a possible presentation using semisimple genera- 
tors; see Problem 12.4.51 



2.1. Drinfeld doubles and the Hopf algebra 5?a('^) 

In this section, we first recall from \46\ the notion of a skew-Hopf pairing and 
define the associated Drinfeld double. We then apply this general construction to 
obtain the Drinfeld double 'I^A^n) of the Ringel-Hall algebra ^a('^); see [82j for a 
general construction. 

Let £^ = (=s/, /i^, ?7^, A^, 5^, a^) and ^ = (^, /i^, rj^, A^, e^, a^) be two Hopf 
algebras over a field F. A skew-Hopf pairing of and j3§ is an F-bilinear form 
ijj : £/ X ^ — )■ F satisfying: 

(HPl) b) = e^ib), ipia, 1) = £^(a), for all a G ^, 6 G ^, 

(HP2) V(a, bb') = ^/'(A^(a), b^b'), for all a e ^, 6, 6' G ^, 

(HP3) tpiaa', b) = 4j{a ® a', A"^^)), for all a, a' G £/, b, b' G ^, 

(HP4) ^{a^{a),b) = ^{a, a^^\b)), for all a G £/, 6, 6' G ^, 

where ipi^a ® a', 6 b') = ip{a, b)ip{a', b'), and A^ is defined by A^(6) = ^ &2 ® &i if 
^gg{b) = X] ^1 ® ^2- Note that we have assumed here that a.^ is invertible. 

Let ^ * he the free product of F-algebras ^ and J3§ with identity. Thus, for 
any fixed bases Bj^ and 5^ for £/, SS^ respectively, where both B^^ and B:j§ contain 
the identity element, ^ SS y& the F-space spanned by the basis consisting of all 
words 6162 ■ ■ ■ bm {bi E {B^af\{l}) U {B,gg\{l})) of any length m ^ such that bibi+i is 
not defined (in other words, bi, bi+i are not in the same =2/ or with multiplication 
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given by "contracted juxtaposition" 

{61 • • ■ bmb'i ■ ■ - b'^i, if bmb'i is not defined; 
61 ■ ■ ■ brn-icb'2 ■■■b'^,, if hmb'i is defined, bmb'i 7^ 0; 
0, otherwise. 

Note that, since c = Afeaj^. (a G {6, 6'}) is a hnear combination of basis elements, 
the element 61 ■ ■ ■ bm-icb'2 ■ ■ - b'^, is a linear combination of words and is defined in- 
ductively. Thus, 1 is replaced by the empty word. 
Let X = Xs^^ag be the ideal of =2/ * <^ generated by 

Y^{b2*a2)ij{aiM)-^{ai*bi)iP{a2M) {ae£/,bei^), (2.1.0.1) 

where A^(a) = ^ ai 02 and A/^(6) = ^ 61 (8) 62- Moreover, X is also generated by 

6*a-^^(ai,a,^(6i))(a2*62)V'(a3,&3) (aG^,6G^), (2.1.0.2) 

where A^(a) = ^ Oi (g) 02 (g) 0.3 and A^(6) = (g) &2 ® &3 (see, for example, [46 [ 
p. 72]). 

The Drinfeld double of the pair ^ and ^ is by definition the quotient algebra 

D{£^,.^) := i^*^/X. 

By fl2.1.0.2p . each element in D{^,j3§) can be expressed as a linear combination of 
elements of the form a * b + X for a & and 6 G Note that there is an F- vector 
space isomorphism 

D{£/, ^) — )■ £^ ®v SS, a*h + X I — > a®b] 

see [741 Lem. 3.1]. For notational simplicity, we write a*6 + Xasa*6. Both and 

^ can be viewed as subalgebras of D{^, ^) via a ^ a*l and 6 1— )■ 1*6, respectively. 

Thus, if X and y lie in s^/ or we write xy instead of x * y. 

The algebra D{s>/, ^) admits a Hopf algebra structure induced by those of ^ and 
see [46, 3.2.3]. More precisely, comultiplication, counit and antipode in D{^,^) 

are defined by 

A(a *b) = ^(fti * 61) ® (^2 * 62), 

£(a*6)=£^(a)£,^(6), (2.1.0.3) 

a{a *b) = apjib) * a^(a), 

where a G 6 G e^, A^(a) = ^ ai ® 02 and A.<g(6) = 'Yl,bi® 62- 

By modifying [741 Lem. 3.2], we obtain that the above ideal X can be generated 
by the elements in certain generating sets of and ^ as described in the following 
result. 

Lemma 2.1.1. Let he Hopf algebras over F and let ip : £^ ^ ^ ^¥ he a skew- 

Hopf pairing. Assume that C ^ and Xag C ^ are generating sets of and 
SS , respectively. If A,^{Xj^) C span^X,/ spanjp-X^/ and A,^(X<^) C spanjp-jX^^} ® 
spanpjX,^}, then the ideal X = X^ is generated hy the following elements 

y^(&2 * «2)V'(ai, &i) - ^(oi * 6i)'?/'(a2, ^2) for all a G X^, b G X^. (2.1.1.1) 
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Proof. For a e jz/ and b e ^, put 

ha,b ■= X^(&2 * a2)^{ai, bi) - ^(cti * &i)^/'(a2, &2)- 

Let X' be the ideal of s^/ * ^ generated by ha^b for all a G X^, b G X<^, and set 
Jif = ^ * !^jX'. We need to show X = X'. Since X' C X, it remains to show that for 
all a G .e/ and 6 G /ia,fe ^ 2^', or equivalently, haf, = in . 

First, suppose a G X.c/ and b = yi ■ ■ ■ yt with ?/j G X^. We proceed by induction 
on t to show that ha^b G X'. Let b' = yi - ■ ■ yt-i and 6" = y*. Write A^(a) = ^ ai (8)02, 
A^(ai) = ^ 0-1,1 ®ai, 2 and /S.s/{,ci2) = YI '^2,1® 0-2,2- The coassociativity of implies 
that 



^ oi.i ® Oi,2 ® 02 = ^ A^^(ai) 



02 = ^ oi (g) A^(a2) = ^01® 02,1 ® 02,2- 
= E ^i' ® ^2- Then A. ^(6) = ^ 6; 6'/ 



(since 02 G span^ X^ and 6" G X^ 
(by induction for ai and b') 



Further, write A,«(6') = ^ 6^ (g) 6^ and A,<^(& 
5262- Thus, we obtain in Jif that 

^(6'26'2'* 02)^(01, 

= ^2(^2 * 02)^^(01,1, 6i)V'(ai,2, 61) 

= ^2(^2 * 02,2)V^(Ol, &'i)V'(02,l, b'l) 

= X^(^2 * 02,1) * b'lipiai, &i)V^(02,2, &2) 
= Yib'2 * 01,2) * &i^(oi,i, b[)ip{a2, 62) 

= J](Oi,i * 6;)6;V(ai,2, &2)^(02, &2) 

= ^(oi*6;)6;v(o2,i,&^)V^(o2,2,&D 

= X^(oi * b[b'l)'ip{a2, b'^b'^), 
that is, /ia^b G X'. 

Now suppose a = Xi - ■ ■ Xg G with Xj G X^/ and b G We proceed by 
induction on s. The case s = 1 has been already treated above. So assume s > 1. 
Let a' = Xi ■ ■ ■ Xg-i and o" = Xs- Then 

^(62 * 0202)V'(aiai,&i) 

= 5^oX'*&fVK2,&f)V^(a2,&?^) 
= E a[a'l * biipia'^a'^, 62), 



(by induction) 
(since a" G X^) 



where A^(6) = ^ fe^^"* (g) 62^^ (g) 63^^ Hence, ha^b G X'. This completes the proof. □ 

A skew-Hopf pairing can be passed on to opposite Hopf algebras (see Lemma 
IL5.3p . The following lemma can be checked directly. 



^(2) ^ /,(2) 
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Lemma 2.1.2. Lets/ = {s/ , fi^,r]^, Aj^,e^,aj^) , ^= ?7^, A^, e,,^, a.^) be 

two Hopf algebras over a field ¥ together with a skew- Hopf pairing ip : ^ x ^ — F. 
Assume that o"^ and Oag are both invertible. Then ip is also a skew-H op f pairing of the 
semi-opposite Hopf algebras , fj,^,r]^, A°^,e^,aJ-) and (e^, /x^, r^,^, A,^, e.^, cr^^) 
(resp. {£/, iJ°^, rj^, A^, e^, a~J) and {SS, /i,^, A^, ssg, a'^))- 

We end this section with the construction of the Drinfeld double associated with 
the Ringel-Hall algebras 9i[Sn)^^ and ^a(^)^° introduced in §1.5. 

First, we need a skew-Hopf pairing. Applying Lemma r2.1.2l to [82^ Prop. 5.3] yields 
the following result. For completeness, we sketch a proof. We introduce some notation 
which is used in the proof. For each a = '^^zjO^ii G ZJ, write ra = ^jg/Ctj-i*- In 
particular, for each A G Q^{n), we have Td{A) = d(r(y4)). Then for a, /3 G ZJ, 

{a, /3) = {a — ra) . /3 = —{/3,Ta) and = K^-ra- 



Proposition 2.1.3. The Q{v) -bilinear form ip : Sj^ S^^{n)^^ — )• Q{v) defined 

by 

^{u\K^,K^u-^) = ^-/3-(d(A),d(A)+.)+2o(A)^-^i^^^^ (2.1.3.1) 

where a, (3 E ZI and A,B E Q^{n), is a skew-Hopf pairing. Here {a, (3) = {a, (3) + 
{P,a) is the symmetric Euler form. 

Proof. Condition (HPl) is obvious. We now check condition (HP2). Without 
loss of generality, we take a = u\Ka, b = Kf^u]^ and b' = K^u'^ for a, /3, 7 G ZJ and 
A,B,C e e+(n). Then 



B"'CJ 



D 



where xi = (d(5), 7) + (d(C), d{B)) + « . (/3 + 7) - {d{A), d{A) + a) + 2d{A). 
On the other hand, 

B',C' 

B',C' 
= V^^VC,B^~A^ 

where X2 = (d(C),d(5)) + a . /3 - (d(5),d(5) + a) + {d{B) - rd(5) + a) . 7 - 
{d{C),d{C) + d{B)-Td{B) + a) + 2d{A). Here we have assumed d( A) = d(5) + d(C) 
since ^ = otherwise. A direct calculation shows Xi = X2- Hence, (HP2) holds. 
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Condition (HPS) can be checked similarly as (HP2). It remains to check (HP4). 
Take a = u\Ka and h = Kpu'^. We may suppose Q ^ B. Then 

i){a{u\Ka),Ki3U~B) 



Ei-i)'"'"" E ^^^"rv^^i c„vl c. 

'"^l Ci,...,C„Ge+(n)i 



and 



■'"^i Ci,...,c™ee+(n)i 

where 

1/1 = -(d(5), a) + (-a - d(A) + rd(A)) . /3 - (d(5), d(5) - a - d(A) + rd(A)) 
and 

1/2 = (d(A), d{B) - Td{B) -P) + a. (d(5) - Td{B) - /3) - (d(A), d(A) + a). 

Clearly, if d{A) ^ d(_B), then ip^^ Cm^Cm Ci ~ 0- Hence, we may suppose d{A) = 
d{B). Then 

y^ = ^a.(3- (d(A), /3) + (d(A), d(A)) = 
Therefore, ip^a^u^Ka), Ki3u]^) = ip{u\Kci^a~^{Kj3u']^)), that is, (HP4) holds. □ 

Second, the Hopf algebras .^^(n)*"*^ and Sy^J^n)^^ together with the skew-Hopf 
pairing ip gives rise to the Drinfeld double 

Since as Q(t;)-vector spaces, we have 

we sometimes write the elements in "^Jji) as linear combinations of a ® & for a G 
•^a(^)^° and h G Moreover, it follows from (I1.5.3.1I) and (11.5.6.21) that there 

is a Q(f)- vector space isomorphism 

Finally, we define the reduced Drinfeld double 

= (2.1.3.2) 

where denotes the ideal generated by 1 ® — ® 1 for all a G ZJ. By the 
construction, is indeed a Hopf ideal of ©/xl'^)- Thus, 2)a(^) is again a Hopf algebra. 
We call "^Jji) the double Ringel-Hall algebra of the cyclic quiver A(n). 

Let DiJ(n)^ (resp., 1!>dji)~) be the Q(f )-subalgebra of 'S>dji) generated by u\ 
(resp., M^) for all A G Q'^{n). Let 2)A(n)° be the Q(f )-subalgebra of 2>a(^) generated 
by Ka for all a G ZJ. Then 

S)A(n)+ = ^A(n), ©^(n)- = S)A(n)°^Q(t;)[ir±i,...,ir±i]. (2.1.3.3) 
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Moreover, the multiplication map 

is an isomorphism of Q(f )-vector spaces. Also, we have 



We will identify S>^(n)^° and 2)/^(n)'^° with Sj^{n)^ and ^^(n)^ , respectively, in the 
sequel. In particular, we may use the PBW type basis for Sj^{n) to display a PBW 
type basis for 'X>^{n): 



Remark 2.1.4. By specializing v to z & C which is not a root of unity, (11.2.0.91) 
implies that the skew-Hopf pairing ip given in (I2.1.3.ip is well-defined over C. Hence 
the construction above works over C with ^^(ri)*''^ etc. replaced by the corresponding 
specialization Sj^{n)^^, etc. (see Remark [1.5.71) . Thus, we obtain double Ringel-Hall 
algebras 2?a,c('^)- In fact, if we use the ring A defined in Remark 11.5.71 a same 
reason shows that the skew-Hopf paring in (12.1.3.11) is defined over A. Hence, we 
can form a double Ringel-Hall algebra S!)a(^)^- Then 2?a,c(^) — 2)a(^)^ ® C and 

2.2. Schiffmann— Hubery generators and presentation of 2)a(7^) 

We now relate 2)a(^) with the quantum enveloping algebra of a generalized Kac- 
Moody algebra based on [TOl |39]; see also [38l fT3] . 

We first describe the structure of 2)A(n). As in ( 11.4.0.ip . define for each m ^ 1, 



where the sum is taken over all A G Q^{n) such that d{A) = m6 and socM(A) is 
square-free. We also define = 1 by convention. By Theorem II. 4. H the elements 
and c~ are central in 3?A(n)+ and 'JD^{n)~ , respectively. Following [40|, we set 
TT^ = and define recursively vr^ G 3Da(?t.)^ by 



Note that tt^ is the element vr^^m defined in [40] . Hence, 7r+ and tt^ are also central in 
^i^{n)~^ and Di^{n)~, respectively. Moreover, if Ca(?t.) and CA(n)~ denote the Q{v)- 
subalgebras of 'X>/^{n) generated by uj' and u~ (i G /), respectively, then by Theorem 



{u\KJl-^ I A, 5 G e+(n), a G Z/}. 




A 




(2.2.0.1) 



OH 



D^(n)± = ^^{nf ® Q{v)[Kf, TT, 



'2^ ■ ■ ■ 



(2.2.0.2) 



Furthermore, by |40l Lem. 12], 




1=1 



1=1 
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where is a linear combination of certain such that d(A) = m5 and M(A) are 
decomposable, and ua is defined in f ll.2.0.12p . Moreover, vr^ are primitive, i.e.. 



± 

m' 



where A is the comultiplication on S)a(^) induced by Green's comultiplication given 
in Proposition ll.S.^T b) and Corollary ll.5.6( b^). 
For each m ^ 1, let 

n 

= — TT^ =} u% + r^x^, 2.2.0.3) 

and let a be the antipode of 'S)i,{n) induced by Xiao's antipode as given in Proposition 
[lEHc) and Corollary OUc'). 

Lemma 2.2.1. For each m ^ 1, the elements and z~ are central in S)a(^)''' and 
^aI'^)"; respectively, and satisfy 

(1) A(z±) = z±®l + l®z±, 

(2) a(z±) = -z±. 

Moreover, for all i ^ I and m, m' ^ 1, we /iai'e 

[zm,z;;/] = 0, [z+,M-] = 0, [ut,z-,] = 0, [z^,Ki] = 0. 

In other words, z^ are central elements in S)a(^) ■ 

Proof. Since 2)a(^) is a Hopf algebra, we have fj,{a ® l)A(z,^) = rjeit^ = for 
each m ^ 1. Thus, 



= ® l)(z^ ® 1 + 1 ® z^J = a(z^) + z 



± 



i.e., a{z^) = -z^ . Since A(z;^) = z+ ® 1 + 1 O z+ and A(z„^,) = z„, O 1 + 1 ® z„,, 
applying (12.1.0.11) to z+ and z^, gives 

V-IZ^,, + Z;;') + Z„,^(Z+ , l) + Z-,Z+^(1, 1) 

=Zmz;;'V'(i, 1) + z;;,v^(z+ , i) + z+v^(i, z-,) + v^(z+ , z-,). 

It follows from V^(l, 1) = 1 that z-,z+ = z+z",, i.e., [z+,z-,] = 0. 

Similarly, we have [z+,Uj~] = [u/^,z~,] = [z^,Ki] = 0. The last assertion follows 
from fl2.2.0.2p . □ 

By Theorem ll.3.4[ there are isomorphisms 

Here we have applied the anti-involution U(sl„)~'' — )■ U(sl„)~, Ei i— )■ Fj. 
By (12.2.0.21) (see also [40^ Th. 1]), there are decompositions 

2>a(^)^ = <tA(n)+ ®Q(^,) ZA(n)+ and :D^{n)- = €^{n)~ Z^{n)- , (2.2.1.1) 

where ZA(n)^ := Q(t;)[z]'^, zf, . . .] is the polynomial algebra in z^ for m ^ 1. 
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Remark 2.2.2. If z G C is not a root of unity and 9)[^n)^ := S^^i'^) ® C is the 
C-algebra obtained by specializing v to z, then, by fll.2.0.9p . we may use fl2.2.0.ip 
to recursively define the central elements in S}^{n)^, and hence, elements in 
T)i^c{n)'^; see Remark I2.1.4[ Thus, a C-basis similar to the one given in Corollary 
11.4.21 can be constructed for S?/^c(^)''^- In particular, we obtain decompositions 

S)^cH^ = ari)J®C[zf,zf,...], 

and hence, the C-algebra S)a,c(^) can be presented by generators Ei, Fi, Ki, K~^, 
zf, zj , i E I, s G Z"*" and relations (QGL1)-(QGL8) as given in the last statement 
of Theorem 12X31 belowE 

Let C = (cjj) be the Cartan matrix of affine type An-i defined in fll.3.2.ip . By 
identifying with U(s[„)^, we can describe a presentation for as follows. 

Theorem 2.2.3. The double Ringel-Hall algebra 2)a(7^) of the cyclic quiver A(n) is 
the Q{v) -algebra generated by Ei, F^, Ki, K^^, z^ , z~ , i G I, s G Z+ with relations 
(i,j G / and s,t E Z~^): 

(QGLl) KiKj = KjKi, K^Kr^ = 1; 

(QGL2) KiEj = v^^'^-^^'^+^EjKi, KiFj = y-^^'^+^^-^+^FjKi; 
(QGL3) E,F, - F,E, = 6,,^^^^^^^^; 

^''''■'^ E^E,E': = Oforz^j; 



(QGL4) (-1)'' 

a+b=l—Cij 

(QGL5) V (-1)^ 



a 



1 Qj' 



a 



FtEF^ = Oforty^j; 



a+b=l—Ci j 

(QGL6)z+z+ 
(QGL7) K,zt = ztK„ K,z- = z;K,; 

(QGL8) Eizt = zfEi, EiZj = zjEi, F^z; = zjFi, and zfFi = Fizf . 

Replacing Q{v) by C and v by a non-root of unity z, a similar result holds for 

We will prove this result by a "standardly" defined quantum enveloping algebra 
associated with a Borcherds-Cartan matrix. See Proposition l2.2.6l below for the proof. 

For each m G Z+, let = [l,""^] and set Jqo = [l,C)o) = Z+. We then set 
Jm = / U Jm for m G Z+ U {oo}. Define a matrix Cm = by setting 



Ci,j, if z,jG/; 
0, otherwise. 



The Cm is a Borcherds-Cartan matrix which defines a generalized Kac-Moody alge- 
bra; see [4]. Thus, with Cm we can associate a quantum enveloping algebra \J{Cm) 



as follows; see 



^We will see in Corollary 12.2.101 that S)a,c('T') can be obtained as a specialization from the Z- 
algebra ^^{n) by base change Z ^ C,v i-^ z. Thus, we can use the notation D/:,{n)c for this 
algebra. 
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Definition 2.2.4. Let m G Z+ U {oo} and Cm be defined as above. The quan- 
tum enveloping algebra U(Cm) associated with Cm is the Q(f )-algebra presented by 
generators 

Ei, Fi, Ki, K~^, Xs, Ys, ^s, K^, ^ e /, s e Jm, 
and relations: for i,j^I and s,t G Jm, 

(Rl) KiKj = KjKi, K,K-' = 1, k.k^ = k^k,, k^' = h = k,i^,; 
(R2) KiEj = v^^'^-^-^+'E,K,, KiXs = x,K,, k.x^ = x^k,, k,E, = E^k,; 
(R3) KiFj = v-'-^+'-^+^FjKi, K^y, = y,Ki, k.y^ = y^k,, KF^ = FX; 

K^-Kr^ , Ws-k-' 



(R4) EiF, - F,E, = 6i 



(R5) 



where 

a+b=l— Ci J 



(R6) (-1)" 



"^J V — V 

a 

1 - c 



6. 



s,t' 



'tt, EiYs = YsEi, XsFi = FiXs, 



(-ir 



a+b=l—Ci 



a 



EtE,El = Qioii^3- 



FtF,F^ = Oiort^j; 



(R7) EiXs = XsEi and XsXt = Xtx^; 
(R8) FiYs = YsFi and y,yt = yty^. 

Moreover, \J{Cm) is a Hopf algebra with comultiplication A, counit e, and an- 
tipode a defined by 



A(x,) = Xs ' 



?) k, + 1 



A(y.) 



1 + kr^ 8 



A(k±i) = k±i ® k±^ 



aiE,) = 
cr{xs) 

where i G / and s & J„ 



e{Ei) = e{x,) = = ^(F,) = £(y,), ^(ir,) = £(k,) = 1; 

aiFi) = -K,F,, a{Kf') = Kf\ 
a{Ys) = -ksYs, a{kf') = kf , 



Remark 2.2.5. The comultiplication here is opposite to the one given in |56l 3.1.10]. 

Consequently, the antipode is the inverse of the antipode given in | 561 3.3.1]. This 
change is necessary for its action on tensor space, commuting with the Hecke algebra 
action; cf. [HI §14.6]. 

Le^U+ = ViCmV (resp., "LJ- = U(C'„)-, U° = U(C7„)°) be the Q(t;)-subalgebra 
of \J{Cm) generated by E^ (resp., Fj, Kf^) for alH G / and x^ (resp. y^, k^) for all 
s G Jm- Then by |48^ Th. 2.23], U(Cm) admits a triangular decomposition 



U(C„ 



U+ ® U" ® U". 



It is clear that the subalgebra of U(Cm) generated by Ei, Fi, Ki, K- ^ (i G /) is 
the quantum enveloping algebra U(sl„) as defined in §1.3. Also, we denote by UA(n) 



34 



2. DOUBLE RINGEL-HALL ALGEBRAS OF CYCLIC QUIVERS 



the subalgebra of U(Cm) generated by Ei, Fi, Ki, {i G /). We will call Ua(^i) the 
extended quantum affine s[„J^ 

Now Theorem 12.2.31 follows immediately from the following result which describes 
the structure of 'S^^{n). It is a generalization of a result for the double Ringel-Hall 
algebra of a finite dimension tame hereditary algebra in |38] to the cyclic quiver case. 
Its proof is based on Theorem 11.4. 1[ 

Proposition 2.2.6. There is a unique surjective Hopf algebra homomorphism $ : 
U(Coo) — 2)a(^) satisfying for each i E I and s G Joo, 

E, ^ ut, X, ^ z+, F, ^ uT, y, ^ z;, Kf^ ^ Kf, kf ^ 1. 
Moreover, Ker$ is the ideal of U (Coo) generated by kf^ — 1 for s G Joo- 

Proof. The existence and uniqueness of $ clearly follow from Definition I2.2.4[ 
Theorem ll.3.4[ Theorem 1 1 . 4 . 1 1 and Lemma r2.2.1[ Further, $ induces surjective algebra 
homomorphisms 

$± : U± = U(Coo)^ ^ ^^{n)^. 
By (R7), the multiplication map 

/i : U(5[„)+ ® Q(t;)[xi,X2, . . .] ^ U+ 
is surjective. Hence, the composite ^^fi is surjective. By Theorem 11.4. 

2)aH+ = ^Ainf ®Q(„) Q(t;)[z+,z+, . . .]. 

Since $+/i(U(s[„)+) = <Cj^n)^ = U(s[„) + , it follows that ^^jj, is an isomorphism. 
Hence, is an isomorphism. Similarly, $~ is an isomorphism, too. 

Let /C be the ideal of U(Coo) generated by k^^ — 1 for s G Joo- It is clear that 
K, C Ker $. The triangular decomposition U(Coo) = U+ CS) U*^ CS) implies that 

U(C7oo)//C = (U+ ® Q{v)[Kt\ ...,Kf]®ij- + /C)//C. 

Since 

we conclude that Ker $ = /C, as required. 

Finally, it is straightforward to check that /C is a Hopf ideal. □ 

Corollary 2.2.7. The double Ringel-Hall algebra S)a(^) is a Hopf algebra with co- 
multiplication A, counit e, and antipode a defined by 

A{Ei) = Ei®K, + l®Ei, A{Fi) = F,®l + K^^ ® F„ 

A{Kf') = Kf^®Kf\ A(z±) = z±®l + l®z±; 

e{E,) = e{Fi) = = £(z±), e{Ki) = 1; 

a{E,) = -E,K-\ a{F,) = -K,F„ a{Kf') = Kf\ 



This is called quantum affine g[„ by Lusztig |58j . which is an extension of quantum affine s\n 
by adding an extra generator to the 0-part. This extension is similar to the extension of quantum 
g[„ from quantum s[„. In the literature, quantum affine sl„ refers also to the quantum loop algebra 
associated with sl„; see §2.3 below. 
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where i E I and s G Joo- 

Remarks 2.2.8. (1) For notational simplicity, we sometimes continue to use uf" as 
generators of 'JD/^{n). By Theorem I2.2.3[ we see that there is a Q(f )-algebra involution 
<^ of 2)A(n) satisfying 

Kf' ^ Kl\ uf ^ uf, zf ^ zj, 
for i E I and s ^ 1. Thus, '2D^{n) also admits a decomposition 

Moreover, two other types of generators for Ringel-Hall algebras discussed in §1.4 
result in the corresponding generators for double Ringel-Hall algebras. Thus, we 
may speak of semisimple generators, etc. See more discussion in §2.4. 

(2) The subalgebra of ^^^(r;,) generated by Ei, Fi, Ki, {i e /) is isomorphic 
to XiiJji). We will always identify these two algebras and thus, view as a 
subalgebra of Hfjji). In particular, we have 

Moreover, if Z/^{n) = Q(t>)[z^, z~]m^i denotes the central subalgebra of 2)a(^) gener- 
ated by ... , z^, z^, zf, Z2, ■ ■ ., then (1) together with (12.2.1.11) gives 

(3) The subalgebra '^/^{n) of 2)a(^) generated by u\, -u^, Ki, K^^ {A e 9^(n), i e 
/) is isomorphic to the reduced Drinfeld double of 'S^iJ^nf'^ and '-^a('^)*^°; see Remark 
11.5.5( 2). This subalgebra will be considered in §5.5 regarding a compatibility condi- 
tion on the transfer maps. 

(4) For each m ^ 1, U(Cm) can be naturally viewed as a subalgebra of U(Coo). 
If we let S^aI^)*''"^ be the subalgebra of 2)A(n) generated by Fj, i^j, K^^^ z+, z~ for 
i E I and s E Jm, then the homomorphism $ in Theorem 12.2.61 induces a surjective 
Hopf algebra homomorphism \J(Cm) 'X)^{n)^"^\ Applying Proposition 11.4.31 shows 
that 2)a(^)^™^ is also generated by Ei, Fi, Ki, K~^,u'^g, ioi i E I and s E Jm- 

We end this section with a brief discussion on the double Hall algebras S)a,c('^) 
given in Remark 12.1.41 in terms of specialization. 

Consider the Z-subalgebra U = Uz oi U(Coo) generated by Kf^, [ kf^, x^, 

Ys together with the divided powers E^^"^^ = EY^/[m]- and f/™'^ = FJ^/[m]- ioi i E I 
and s,m ^ 1; see for example |49L I42j . Further, we set 

[/+ = u+ n u, t/- = u- n f/, f7° = u° n u. 

Then f/+ (resp., U~) is the Z-subalgebra of U(Coo) generated by and e\"^^ (resp., 
and f/™''') for i E I and s,m ^ 1. Consequently, we obtain 

f7+ = f/(5[„)+ ® 2[xi,x2, . . .] and = ?7(si„)- ® 2[yi,y2, ■ ■ ■], 

where f/(5[„)+ and t/(sl„)~ are the Z-subalgebras of U(s[„) generated by the divided 
powers Fj-™'^ and F^'^\ respectively. This implies particularly that both and U~ 
are free Z-modules. 



36 2. DOUBLE RINGEL-HALL ALGEBRAS OF CYCLIC QUIVERS 

Remark 2.2.9. We do not know whether is free over Z. In case f/° is free, it 
would be interesting to find a -Z-basis for it. 

Similarly, we define the integral form 3)a(^) of to be the 2^-subalgebra 

generated by Kf \ [^f], z+, z;, and {u;)^""^ ioi i e I and s,t,m^ 1. It is 

easy to see that the surjective Q(f )-algebra homomorphism $ : U(Coo) 2)a(^) (see 
Proposition I2.2.6| induces a surjective -E-algebra homomorphism D/^{n). We 

also set 

^^{nY = T>^{nY n ©^(n) for e G {+, -, 0}. 

Then Di^{n)^ (resp., Di^{n)~) is isomorphic to (resp., U^). Hence, 

DaH+ = (t^{n)^ ®2 Z[z+,z+, . . .] and ^^(n)- = (t^{n)- ®z Z\^x.^2. • • •]> 

where ^tinf = f/(si„)+ (resp., (iA{n)~ = f/(s[„)~) is the Z-subalgebra of ^A{n) 
generated by the (m+)(™) (resp., (m")^")). Moreover, by [IH Th. 14.20], ^^{nY is a 
free 2^-module with a basis 

Hence, the multiplication map 

is a ^-module isomorphism; see Cor. 6.50]. In particular, Djji) is a free Z- 
module. 

The 2-algebra 2)a('^) gives rise to a ^-form U^in) of the extended quantum afiine 
5[„, UA(n): 

f/A(n) = DA(n) n UA(n) = G:A(n)+2)A(ri)VA(n)-. (2.2.9.1) 

Corollary 2.2.10. If z E C is a complex number which is not a root of 1, then the 
specialization DiJji)^ = 2)a(^) ®C at v = z is isomorphic to the C-algebra S)a,c(^)- 

Proof. If we assign to each u\ (resp., m^, Ki) degree c)(yl) = dimM(yl) (resp., 
—^{A), 0), then 2)a(^) admits a Z-grading 2)a(^) = ®m&'^A{n)m, and Tt^in) inherits 
a Z-grading ^^i^) = ®mez^A{n)m, w here D A(^)m = SA(ra) fl 2)A(n)^. By the presen- 
tation of !I)a,c(^) as given in Remark 12.1.41 it is clear that there is a graded algebra 
homomorphism S)a,c('^) S)a('^)c- This map is injective since it is so on every tri- 
angular component. Now, a dimensional comparison on homogeneous components 
shows it is an isomorphism. □ 

Remark 2.2.11. Let Sj^in)^ be the 2-submodule of 5?a('^) spanned by u\ for A G 
Q^{n). Then Sj^in)'^ is a 2- algebra which is isomorphic to i3A('^)- We point out that 
in general, D^in)^ does not coincide with S)Ain)~^ . For example, let n = 2. An easy 
calculation shows that 

= ufu2 + U2uf — (f + V~'^)uj'. 





















n 


tn 
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Since {uiU2, U2U^, z^} is a Z-basis for the homogeneous space 2)^(2)5", we conclude 
that uj ^ 2)a(2) + . If n = 3, then 

— (f + f + U2U^u^ + 'u^M^Uj^) + (t>^ + 1 + v^'^)ug'. 

Anafogously, we have uj' ^ 2!)a(3)+. 

It seems difficult to prove directly that all central elements z+ lie in S)/^{n) . How- 
ever, we will provide a proof of this fact in Corollary 13.7.51 via the integral quantum 
Schur algebras. Hence, D^{n)~^ is indeed a subalgebra oi S^^in)'^ . 

2.3. The quantum loop algebra U(gl„) 

In this section, we give an application of the presentation for '2D^{n) given in the 
previous section. More precisely, we will use Hubery's work |40j to extend Beck's 
algebra embedding of the quantum affine sl„ into the quantum loop algebra U(gl„) 
defined by Drinfeld's new presentation |19j to an explicit isomorphism from '2Di,{n) 
to U(g[J. 

As discussed in §1.1, consider the loop algebra 



9ln = din^Q[t,t-''_ 



which is generated by -Eii+i ® t'', ® t^, Ejj (g) for sgZ, l^i^n — 1 and 

1 ^ j ^ ^- We have the following quantum enveloping algebra associated with 0[„; 
see [19j (and also 



Definition 2.3.1. (1) The quantum loop algebra U(gl„) (or quantum affine 0[„) is 
the Q(i;)-algebra generated by x^^ {1 ^ i < n, s E Z), kf^ and gj ^ (1 ^ i ^ n, 
t G Z\{0}) with the following relations: 

(QLAl) kikri = 1 = kr^ki, [ki,k,] = 0; 
(QLA2) k,x± = v^^'-^-'-^+^hf^.ki, [k,,g,-,] = 0; 

fo ifz7^j,j + l, 

(QLA3) [g,., x%] = I ±v-^4xt^,, if z = J, 

[^^(i->Mx±^_^^^, if^=j + l; 
(QLA4) [g,,„g,,i] =0; 
(QLA5) [x+,x-J=5,,,%^; 

(QLA6) xj^xj = xj.xj,, for |z - j| > 1, and [xj^^^, xjj^±c,,. = -[xjt+i, xjj^±c,- 
(QLA7) [xj,, [x^^^xjp]^]^ = -[xT^p, [x^^^xjj^]^ for \i - j\ = 1, 

where [x, y]a = xy — ayx, and are defined via the generating functions in indeter- 
minate u by 



$±(n) := kfexp{±{v - t;"^) J] h,±^n±"^) = J]. 



m^l s^O 

with kj = ki/kj+1 (k„+i = ki) and h^,^ = t;(*"^)'"gi,m - f (*+^)"gi+i,„^ (1 ^ ? < n). 
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(2) Let Uc(0t„) be the quantum loop algebra defined by the same generators and 
relations (QLA1)-(QLA7) with Q(f) replaced by C and w by a non-root of unity 
zeC. 

Observe that, if we put Qf{u) = kf^ exp(±(t> — v^^) J2m,>i Si,±rnU^"^), then 



Also, (pt_s = (pl^s = for all s ^ 1. Hence, (QLA5) becomes 



if s + t = 0; 
Ks^^lt\ = ^^, ifs + t>0; 

-^£+1, ifs + t<0. 

By [2] (see also |44l Th. 2.2], |28l §3.1], and [40, Th. 3]), there is a monomorphism 
of Hopf algebras £b '■ U(sl„,) — t- U(0[„) such that 

Ki I — )■ ki, Ei I — )■ x+o, Fi I — )■ (1 ^ i < n). En i — )■ e1^, F„ i — > e~, 
where ^ 

£n ~ {~^) [^n-1,0' ■ ■ ■ ' [^3,0> [^2,0' ~^]?^"^ ' ' ' ]?^"i^n 

The image Im(£^B), known as quantum loop algebra of sl„,, is the Q(w)-subalgebra of 
U(0[„) generated by k^"*^, x^^, and hj^^ for 1 ^ i < s, t G Z with t 7^ 0. Moreover, it 
can be proved (see, e.g., [28, §§2.1&3.1]) that the defining relations of this subalgebra 
are the relations (QLA5)-(QLA7) together with the relations: 

(GLA8) kjkj = kjkj, kiks ■ ■ - kn = 1, [kj,hj-s] = 0, [hi_s,hj-j] = 0; 
(GLA9) k,x± = ^;±^»-x^^,k„ [h,„ = ±^x±,+,. 

where C = (qj) is the generalized Cartan matrix of type An-i as given in ( 11.3.2. ip . 
This is the Drinfeld's new presentation for U(s[n). Define Uc(stn) similarly. 

We now describe the main result of [40j. Set for each s G Z\{0}, 

0s = V^'{gl,s + ---+gn,s). (2.3.1.1) 

It can be directly checked by the definition that the Og are central in U(g[„). 

Remark 2.3.2. In |28l §4.2], the authors introduced central elements {s G Z) in 
U(g[„) defined by the generating function 



s^O 1=1 m>0 L J 

that is, 

„.=Fnm 



\m\ 

s^O m>0 ^ ' 
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Therefore, for each s ^ 1, 

Q{v)[e±i,...,e±,]=Q{v)[g±,,...,g±s] and 

^±(,+1) = Tt;±"(^+i)[s + l]g±(,+i) modQ(t;)[g±i,...,g±,]. 

By U(0[„)^° we denote the subalgebra of U(g[„) generated by k^^, gj_s (1 ^ z ^ 
n,s ^ 1), x^Q and x^^ (1 ^ i < n, s ^ 1). Dually, let U(g[„)'*° be the subalgebra of 
U(0l„) generated by ]^f^, gi^s {I ^ i ^ n, s ^ —1), x~q and x^^^ (1 ^ i < n, s ^ —1). 

Proposition 2.3.3 (Main Theorem of [40j). There is an isomorphism of Hopf alge- 
bras ^1° : S)a(^)^° ^ U(s[„)>° takmg 

Kf^ ^ , ut ^ x+ (1 ^ z < n), ut ^ z+ ^ {s ^ 1). 

Moreover, the restriction oj and the Beck's embedding Sb to Ca(?^)^ = U(s[„)"'" 
coincide. 

Dually, there is an isomorphism of Hopf algebras S^^ : 'Dj^n)^^ — > U(g[„)^° 
taking 

Kf^ ^ u- x^Q (1 ^ z < n), u- ^ zj ^ ~]sf'' ^ 

and the restrictions of 8^ to Ca(?t.) = U(s[„)~ is Beck's embedding 8-q. 

In view of the isomorphisms 8^ and we see that U(g[„) is generated by x^q 
(1 ^ 2 < n), ej, — |fj6'±s ^ 1), and (1 ^ i ^ n). It is easy, using Beck's 
embedding, to check that these generators satisfy the relations similar to (QGLl)- 
(QGL8) in Theorem 12. 2.31 Consequently, we obtain the following result. 

Corollary 2.3.4. There is a surjective Q{v)-algebra homomorphism 8}i : '3^^{n) — >■ 
U(0[„) taking 

Kf^ ^ kf \ uf ^ x± (1 ^ ^ < n), ^ et zf ^ -|^^±. (s ^ 1). 
Now we define the following elements in 'X>i,{n): 

x£ = {£iT\^ts)^ &,s = {8i')-\g,s) {s ^ 1), 
^£ = (^f = (^f is ^ -1). 

Then the set 

X := {kf \ gi,, \ 1 ^ i <: n,0 s e Z} U {xf, \ 1 ^ i < n, s e Z} 

is a generating set for Di^{n). Since all x^^ belong to U(s[„), it follows that £^h(x^s) = 
£b(x£). Thus, the x£ satisfy the relations (QLA5)-(QLA7). Furthermore, set for 
1 ^ i < n and s G Z, 
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Then hj^^ = Snihig) G U(s[„). Hence, his together with k^"^ and x^^ satisfy the 
relations (QLA8)-(QLA9). On the other hand, the elements 



9s :=w"*(gi,, + 



■(4°)-^(^.) = -fz+, ifOl; 



are central in We finally get that the gi^s satisfy the relations (QLA2)-(QLA4). 

Therefore, the generators in X satisfy all the relations (QLA1)-(QLA7). We conclude 
that there is a surjective Q(f )-algebra homomorphism J-" : U(g[„) i— ?■ 2)a(?t.) taking 

Obviously, both the composites SuJ-' and J^Sn are the identity maps. This gives the 
following result. 

Theorem 2.3.5. The algebra homomorphism : 2)a(72) — )■ U(g[„) defined in Corol- 
lary \2.3.4\ is an isomorphism. In particular, Theorem \2.2.3\ aives another presentation 
/orU(0g. 

Let U(g[„)+ (resp., U(0[„)^) be the subalgebra of U(gl„) generated by x/^q, £+, 
(resp., x~Q, e~, 6-s) for 1 ^ i < n, s ^ 1. Also, let U(gl„)° be the subalgebra of 
U(g[„) generated by the k^^. The triangular decomposition of !Da(^) induces that of 
U(0tj. 

Corollary 2.3.6. The multiplication map 

U(gtJ+ ® U(glJ° ® U(gtJ- ^ U(glJ 

is a Q{v)-space isomorphism. 

Remarks 2.3.7. (1) In [40j Hubery deals with the extended Ringel-Hall algebra 
T-L^i^A') of the cychc quiver A' = A'(n) which has the opposite orientation of A(n). 
By |40t Th. 1], there is a decomposition 

nUA') = V{sQ+ Q{v)[ci, C2, . . .] Q{v)[K^\ . . . , K^']. 

Hence, 'H^(A') is isomorphic to S^^{n)^^ defined in §1.5. 

(2) The proof above can be easily modified to construct a C-algebra homomor- 
phism £^H,c '■ 2)a,c(^) Uc(gl„), where the algebras are defined over C with respect 
to a non-root of unity 2; G C. 

(3) With the above isomorphism, the double Ringel-Hall algebras 2)a(^)) 2}a,c('^) 
will also be called a quantum affine qI^. Moreover, the notation X>^{n), T}^c{n) will 

not be changed to U(g(„), Uc(g[„) throughout the paper except the last chapter in 
order to emphasize the approach used in this paper. 

(4) There is another geometric realization for the +-part of the quantum loop 
algebra U(g[„) in terms of the Hall algebra of a Serre subcategory of the category of 
coherent sheaves over a weighted projective line; see \71\ 4.3, 5.2] and 
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2.4. Semisimple generators and commutator formulas 

By [121 Th. 5.2], the Ringel-Hall algebra S^aI^) can be generated by semisimple 
modules over Z. Thus, semisimple generators would be crucial to the study of integral 
forms of 'JD^in). In this section we derive commutator formulas between semisimple 
generators of ^^^(ri) (cf. |82[ Prop. 5.5]). 

Recall from §1.2 that for the module M{A) associated with A G Q^{n), we write 
d{A) = dim M{A) for the dimension vector of M{A). 

Define a subset Q^^nY'^ of 6^(n) by setting 

e+{ny' = {A = (aij) G 0+(n) I aij = for all j + 1}. 

In other words, A G G^(n)'^'' <^==^ M{A) is semisimple. Then, by Proposition ll.4.3| 
^a('^)''' (resp., is generated by (resp., u^) for all A G Q^^nY'^. We 

sometimes identify 0+(?7,)^* with via the map — )■ Q^{n)^'^ sending X to A = Ax 
with Aj = cti.i+i for all i G Z. 

Lemma 2.4.1. Let X+ := spanjuj^ | A G Q^{nY^} and X~ := span{M^ | A G 
Q^{nY'}. Then 

where J is the ideal of the free product Sj^ln)^^ * SjA{n)^^ generated by 

(1) X](^2 * a2)ip{ai, hi) -Y^{ai* bi)ip{a2, 62) for all a G X+, b G 

(2) Ka*l-l* Ka for all a G ZJ, 

where A(a) = ^ ai (g) 02 and A(6) = ^ 61 ® 62- 

Proof. For a G and b G ^a('"-)'^°, we write 

L{a,b) = '^{b2 * a2)ip{ai,bi) and -R(a, 6) = y^(ai * 61)^(02, &2)- 

Define 

:= span{u;^is:« | a G ZJ, A G e+(n)'"} and 

:= span{fs:^u;^ | a G ZJ, A G QU^Y'}- 
Then (resp., X^^) generates S^^in)"^^ (resp., Sj^in)^^) and satisfies 

A(X^°) C ® (resp., A(X<°) C ® 

Thus, by Lemma [2.1.11 

^A(n) = ^A(ri)^° * SjAinf/I, 

where X is the ideal of ^a(^)^° * i3A('^)^° generated by 

(1') E(&2 * a2)^(ai, 61) - * &i)^(a2, ^2) (a G X^", 6 G X^O), 

(2') fsT^ * 1 - 1 * (aGZJ). 

Clearly, C X. It remains to show the reverse inclusion X C j7. To show this, it 
suffices to prove that for u^Ka G X~^ and K^u]^ G X~, 

L{u\Ka, KpUj^) = R{u\Ka, Kpu^) mod JT. 
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By the definition of comultiplications in ^a('^)^° and Sj/^{n)^^, 

Mua) = Yl ^MaA ® «i^d(A2) and 
^i,A2ee+{n) 

Bi,B2ee+(n) 

where f^^^^ = t;^^^^^)-'^^^^^^^,^, and gl,s. = v-^^^^^^^'^^^^^^'-^^l^,^. By 
the definition of J', 

L{u\,u]^) = R{u\,Uj^) mod J, (2.4.1.1) 

where 

Ai,A2,BuB2 
Ai,A2,Bi,B2 

This together with Proposition 12.1.31 implies that 

Y fMA29B^B2{iKpU]^J*{u\^Kd(A2)Ka))i^{u\^K^,K|3K_d(B^)UBJ 
Ai,A2,BuB2 

^ v^K^^f, Y fiA29lB2 {^~B, * «i^d(A2)))^«, K.diB,)U-sJ (by [2XI12)) 

Ai,A2,Bi,B2 

^ v'^K^+p Y fiA29lB2«2 * {K-d(B.)U-B,))i'{u\Kdi^A2).ui;) (by (12X01)) 



A^,A2,Bi,B2 

= Yl /AiA2^liiJ2((«i^") * (^/3^-d(Bi)Mijj)^(Mi^d{^2)^a,^/3V^ 
Ai,A2,Bi,B2 

= R{u\Ka, Kpu]^) mod J', 

where a = a . (3 + {d{Ai) + d{A2), a) = a . (3 + {d{A), a), as desired. □ 

Recall the order relation ^ defined in f ll.l.O.Sp . 

Lemma 2.4.2. For a = (oi),/? = (A) e N^, let 7 = 7(a,/3) = (%) G be defined 
by 7j = min{aj, A+i}. For each A ^ 7, define C\ G 6^(72) 6y 

^(C'a) = 0((a. + A - A. - A,_i)5, © A„S,[2]). 

iG/ 



Qij + A — Aj — Aj_i 
Pi — Aj_i 



Proof. Clearly, each M{Cx) with A ^ 7 is an extension of M{Ap) by M(y4Q), 
where A^ = ^"=1 and = ^"=1 A-Ef^j+i- Conversely, each extension of 
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M{Ai3) by M{Aa) is isomorphic to M{C\) for some A ^ 7. Hence, 
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The lemma then follows from the fact that 



A,A, = n 



Oil + /3i — Xi — Aj_i 
A ~ Aj_i 



□ 



Theorem 2.4.3. The algebra S)a(?^) /ifls generators u\, K^, {A G Q2{ny^,i' e 
Z/) which satisfy the following relations: for u, v' e 'LI, A,Bg 6^(n)^*, 



(1) Kq = Uq = Uq = 1, Ki,Ki,> = K^+^i; 

(3) = ^^^-('^'-^'-^EA^.n../ ["'t=A'::M^M(c.), if a = = 

and 7 = 7(0;, 

(4) u-^u-^ = Yliei ["t:t"M^M(c.), = ^a, = 
and 7' = 7(/3, a); 

(5) commutator relations; for all A,Be 6+(n)*'^, 



{d(B),d(B)> {d(Bi),d(A)+d(B)-d(Si))^ ^7/- 7/ + 



Ai,Bi 



^ ^(d(B),d(A)) ^ ^Ai^Bi^(d(B)-d(BO,d(AO)+(d(B),d(BO>Xd(BO-d(B)^i: 



where 



A2ee+{n) 
5] .^^(^^)a^,^l,^,^l,^,. 



(2.4.3.1) 
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Proof. Relations (1) and (2) follow from definition, and (3) and (4) follow from 
Lemma [2 .4. 2[ We now prove (5). As in the proof of Lemma [2.4. for A,Be Q^{n), 



(d(Ai).d(A2)) ^^l^-^2 A -(d(B2),d(B^)) ^B,^B2 B 

A^,A2,Bi,B2 -4 s 

X (Wfii * (wAi^d{A2)))^(MX'^-d(Bi)«B2) 

(d(Ai),d(A2)) ^Ai^Aa A -(d(i?2),d(i?i)) V^B2 B 

Ai,A2,Bi,B2 ^ 

X * «i^d(A2)))^-<'^(^^)'^(^^»+^^(^^)-^5A2,B2 

WA2 



= ,.-(d(A2).d(A)) + (d(i?i).d(A2))+20(A2) "Ai-Bi'^Aa A B 

- ^ ^ ^ V5Ai,A2V5Bi,A 



^ ^-(d(B),d(A)) ^ ^(d(i^O,d(A)+d(B)-d(B.)>^A.^i^.;^^^^^_^^^^^„-^ 

^(^a.^b) 

V ,,(d(Ai),d(A2)>^£i^ A -(d(i32),d(i3i)>^£i^ S 

AuA2,Br,B2 ^ ^ 

X (m;^^ * (^_d(iJi)MBj)V^(MAi^d(A2),MBj 

= V ,,(d{Ai),d(A2))-(d(B),d{Ai))+20(Ai)^A^.^A2^ A R ^^..^?/+*?/~ 

- Z^ ^ V'Ai,A2V^Ai,B2-'^-d(Ai)^iA2 * «B2 

Ai,A2,B2 ^ 
^ ^-(d(B),d(B)> ^ ^(d(B)-d(Bi),d(A,)> + (d(B),d(BO>^^ii^_^(^)_^^(^^^^^ ^ ^-^ mod 
Ai,Bi 

by interchanging the running indexes Ai and A2, Bi and B2. This proves (5). □ 

Remark 2.4.4. The commutator relations in (5) hold for all A,B^ Q^{n). 

Theorem 12.4.31 does not give a presentation for ©^(n) since the modules M{Cx) 
are not necessarily semisimple. It would be natural to raise the following question. 

Problem 2.4.5. Find the "quantum Serre relations" associated with semisimple 
generators to replace relations l2.4.3( 3)-(4). and prove that, the relations given in 
12.4.31 are defining relations for In this way, we obtain a presentation with 

semisimple generators for S^^l?^)- 

The relations in (5) above are usually called the commutator relations. We now 
derive a finer version of the commutator relations for semisimple generators. The 
next lemma follows directly from the definition of comultiplication. 
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Lemma 2.4.6. For A G 0^(n), we have 
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A(2)( 



u 



^(1) 4(2) 4(3) 



„E,>,(d(AW),d(A(^))), 4 '^A(i)Qa(2)^A(3) 
^ ^ V^A(3) A(2) A(i) I 



A(2)( 



E 



X ® Mi2)^d(A(i)) ® M+(3)i\:d(A(i))+d{A(2)), 

CIa(i)'^A(2)'1a(3) 



^ V^A(3),A(2) 4(1) 



OA 



A(1),A(2),A(3) 

X -^-(d(A(2))+d(A(3)))^i^{l) ® -^-d(A(3))M^{2) ® U^(3)- 

Proposition 2.4.7. Le^ X, F G 6+(n). T/ien m S^aI'^); 



A,B,B'ee+(n) 



A,s,s',c,c'ee+( 
^;2E,<,(d(X,),d(X,)), 



^2 X y ciAaBOfi/ 



E 



-1)' 



Xl,...,X,„Ge+(n)i 



axi ■ ■ ■ ax„<^Xi,...,x™V^Xi,...,x™J^d(c)-d(A)M>i3'- 
w/iere £i = (d(v4), d(5)) - (d(y), d(v4)) + 2?) (A) an^i 

£2 = (d(A), d(5)) + (d(F), d(C) - d(A)) - (d(C), 2d(C) + d(5)) + 20(v4) + 20(C). 

Proof. By [4_6j Lem. 3.2.2(111)], for x e S^^{n)^° and y G i3A(^)^°, we have In 
2>A(n), 

where A^'^\x) = '^xi X2 X3 and A^'^\y) = X] 2/i ® Z/2 ® Z/s- This together with 
Lemma [2.4.61 gives the required equahty. □ 

The following result Is a direct consequence of the above proposition together with 
the fact that for (3 = (A), (3^^^ = (/3f ^), • • • , /^^'"^ = {(3^^) G N^, 



_ TT 

'^/3(l),...,/3(™) ~ 11 oW o{m) 

i—i ILyi 5 • • • ) 



13 



(2.4.7.1) 



where 



/3. 

3(1) fl(™) 



Corollary 2.4.8. For A,/i G N^, we /iatJe 
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where 
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,(a,A-a>+(/i,27-a)+2(7,a-7-A)+2o-(Q;) 



X 



A 

a — 7, A — a, 7 



a - 7,/x - Q;,7jJ axa, 



X 



■yW-\ \--yl"<-)=f 



a^(i) • • • a^(m) 



7 



-n 2 



I 7(^), . . . , 7M 



This is the commutator formula for semisimple generators. 



CHAPTER 3 



AfRne quantum Schur algebras and the Schur— Weyl 

reciprocity 

Like the quantum Schur algebra, the affine quantum Schur algebra has several 
equivalent definitions. We first present the geometric definition, given by Ginzburg- 
Vasserot and Lusztig, which uses cychc fiags and convolution product. We then dis- 
cuss the two Hecke algebra definitions given by R. Green and by Varagnolo-Vasserot. 
The former uses g-permutation modules, while the latter uses tensor spaces. Both 
versions are related by the Bernstein presentation for Hecke algebras of affine type A. 

In §3.4, we review the construction of BLM type bases for affine quantum Schur 
algebras and the multiplication formulas between simple generators and BLM basis 
elements (Theorem 13. 4. 2p developed by the last two authors |23] . Through the central 
element presentation for S)a(^) as given in Theorem 12. 2. 3^ we introduce a 
^A(^)-bimodule structure on the tensor space in §3.5. This gives a homomorphism 
from ©aI'^) to S/:,{n,r). We then prove in §3.6 that the restriction of this bimodule 
action coincides with the Sj/:,{n)°^-'Hi^{r)-himodvle structure defined by Varagnolo- 
Vasserot in |77j . Thus, we obtain an explicit description of the map C,r (Theorem 
I3X3|) . 

In §3.7, we develop a certain triangular relation (Proposition I3.7.3P among the 
structure constants relative to the BLM basis elements. With this relation, we display 
an integral PBW type basis and, hence, a triangular decomposition for an affine 
quantum Schur algebra (Theorem 13.7.71) . Using the triangular decomposition, we 
easily establish the surjectivity of the homomorphism C,r from 2)a(^) to Si,{n, r) in 
§3.8 (Theorem ESU). 

There are several important applications of this result which will be discussed in 
the next three chapters. As a first application, we end this chapter by establishing 
certain polynomial identities (Corollary 13.9. 6p arising from the commutator formulas 
for semisimple generators discussed in §2.4. 

3.1. Cyclic flags: the geometric definition 

In this section we recall the geometric definition of affine quantum Schur algebras 
introduced by Ginzburg-Vasserot [32] and Lusztig [58j. 

Let F be a field and fix an F[£:, £:~^]-free module V of rank r ^ 1, where e is 
an indeterminate. A lattice in V is, by definition, a free F[£]-submodule L of V 
satisfying V = L ^w[e] For two lattices L', L of V, L + L' is again a lattice. 

If, in addition, L' C L, L/L' is a finite generated torsion F[£:]-module. Thus, as an 
F-vector space, L/L' is finite dimensional. 

Let ^ = ^„ be the set of all cyclic flags L = {Li)i^z of lattices of period n, 
where each Lj is a lattice in V such that C Li and = eLi for all i G Z. The 

47 



48 3. AFFINE QUANTUM SCHUR ALGEBRAS AND THE SCHUR-WEYL RECIPROCITY 

group G of automorphisms of the ¥[e, e~^]-module V acts on by • L = {g{Li))i^z 
forgEG and L G J^^. Thus, the map 

(p:^^ — > A^{n,r), Li — ^ (dimp Li/Lj.i)^^^ 

induces a bijection between the set {^,A}AGAi(n,r) of G-orbits in ^ and A^{n,r). 

Similarly, let ef^A = ^A,r be the set of all complete cyclic flags L = {Li)i^z of 
lattices, where each Lj is a lattice in V such that C Lj, Lj_r = eLi and 

dim]F(Lj/Lj_i) = 1, for all i G Z. 

The group G acts on x x ^a and x =^a by 5- ■ (L, L') = (g ■L,g - L'). 

For L = and L' = {L'.),^^ G .^a, let X^,,- := X,,,(L,L') = + n L'-. By 

lexicographically ordering the indices i,j, we obtain a filtration (Xj j) of lattices of 

L nL' 

V. For G Z, let a^j = dimF(Xij/Xij_i) = dimp ^r,L'+L nL' ■ l^Sl 1-5] 
there is a bijection between the set of G-orbits in x and the set 6a(^, r) by 
sending (L, L') to A = {ai j)iji^x- Let Cyi C ^ x ^ be the G-orbit corresponding to 
the matrix A G Q^in, r). By ^ 1.7], for L, V G ^a, 

(L,L') G ^ (L',L) G (3.1.0.1) 

where *A is the transpose matrix of A. 

Similarly, putting = (. . . , 1, 1, . . .) G A^{r, r) and 

0A(r, r)^ = {Ae 0A(r, r) | ro(A) = co{A) = u}, (3.1.0.2) 

the G-orbits Oa on x are indexed by the matrices A G 6A(r, r)^, while the 
G-orbits Oa on ^ x are indexed by the set0 

&A{r,r)^ = {Ae ei^r) I ro{A) G AA(n,r),co(A) = a;}, 

where, like Q/^{n), 

n 

0A(r) = {(aijOijez I flij e N, ttij = tti-nj-r^ij e XI XI ^^'^ ^ (3-1-0.3) 

2=1 iez 

Clearly, with this notation, 

e^{r, r)^ = {Ae I To{A) = co{A) = co}. (3.1.0.4) 

Assume now that F = Fg is the finite field of q elements and write ^a{<i) 
for and SSiJ^q) for e^^; etc. By regarding C^a(Q') (resp., C<^a(Q')) as a per- 
mutation G-module, the endomorphism algebra iSa,^ := EndcG(Ct^A('?))°'' (resp., 
Hi^q := EndcG(C=^A(g))°P) has a basis {e^.jAeeiCn.r) (resp., {eA,q} Aee^{r,r)J with 
the following multiplication: 

, , /EA"ee^A,A',A";<?eA",, if co{A) = to{A') i n 

eA.qCA'.g = < .1, • (3.1.0.5) 

I otherwise, 

where = Q/:^{n,r) (resp., 6 = QA{r,r)^) and 

nA,A',A";, = |{L' G ^A : (L,L') G O^, (L', L") G (3.1.0.6) 
for any fixed (L, L") G Cyi"- 



^The set is denoted by Q^in, r) in 
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By |58[ 1.8], there exists a polynomial pa,A',A" E Z in such that for each 
finite field F with q elements, nA,A',A";q = PA,A',A"\v2=q- Thus, we have the following 
definition; see |58[ 1.11]. 

Definition 3.1.1. The (generic) affine quantum Schur algebra SJji^r) (resp., affine 
Hecke algebra T-Ljj)) is the free Z-module with basis {e^ | A G QJji,r)} (resp., 
{ca I A G QiJj'.r)^}), and multiphcation defined by 



Both SJji, r) and T-L/Jj") are associative algebras over Z with an anti-automorphism 
ca ^ etA (see (13.1.3.41) below for a modified version). 

Alternatively, we can interpret affine quantum Schur algebras in terms of con- 
volution algebras defined by G- invariant functions and convolution product. Again, 
assume that F is the finite field of q elements, and for notational simplicity, let 



Define Cg(^ x ^), Cg(^ x ^) and Cg{^ x ^) to be the C-span of the charac- 
teristic functions xo of the G-orbits Ooia'3^x'3^,'3^x^ and ^ x 3^ , respectively. 
With the convolution product 



where O C 3^ x ^' and O' <Z 3^' x 3" for various selections of 3^3' and 
we obtain convolution algebrasCd^ x ^) and Cg{^ x JT), and Cg(^ x ^)- 
Cg{^ X ^)-bimodule Cg{^ x ^). It is clear that S^g = Cg(^ x ^) and 
Ti/s^q = Cg{^ X and specializing v to ^/q gives an isomorphism 

S^{n, r)c Cg{^ x W) (resp., n^ir) ^zC^ Cg(^ x JT)) (3.1.1.3) 

sending ® 1 i — )■ Xa, where xa denotes the characteristic function of the orbit Oa- 
In the sequel, we shall identify S/^{n,r)c with Cg(^ x W). 

Via convolution product, Cg(V x ^) becomes a Cg(^ x ^)-Cg(^ x ^)- 
bimodule. Thus, if we denote by TJji^r) the generic form of Cg(^^ x ^), then 
%{n,r) becomes an iSA(n, r)-'HA('^)-bimodule with a Z-basis {ca \ A G 6A(r ,t)w}- 

Remark 3.1.2. It is clear from the definition that this isomorphism continues to 
hold if C is replaced by the ring R = Z[y/g, y/q~\ In fact, we will frequently use 
the isomorphism SiJ^n.r)^ = Rg{'3^ x '3^) to derive formulas in SiJji^r) by doing 
computations in Rg{^ x ^^); see, e.g., §§3.6-9 below. 

Observe that, for N ^ n, ^„ is naturally a subset of ,^a,N: since every L = 
(Li) G ^„ can be regarded as L = (Lj) G 3a,n^ where, for all a G Z, Li+aN = Li^an 
if 1 ^ i ^ n, and Li^aN = Ln+an ii n ^ i ^ N. Thus, if iV = max{n, r}, then 
^ ^A,n) '^A,n ^ ^A,r cLud ^A,r ^ ^A,r cau always bc regarded as G-stable subsets 




(3.1.1.1) 



^ = ^A(g), 



^ = ^^(g) (and G = G{q)). 




(3.1.1.2) 
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of ^,Af X ^h,N-, and the G-orbit Oa containing (L, L') is the G-orbit containing 
(L, L'), where A = (aij) and A = {a-ij) are related by, for all m G Z, 

^ ^ Ufc.i+mn, if 1 ^ fc, / ^ n; ('3 12 1) 

ak,i+mN <y^^ ^.^j^^^ n<ki^N oi n<li^N. ^ ■ ■ ■ > 

Lemma 3.1.3. Let = max{n, r}. By sending ca to e^, hothSJji^r) and'Hjj') can 
he identified as (centralizer) subalgebras o/5a(A^, r), and TJji.,r) as a suhbimodule of 
the S^{n,r)-'H/:,{r)-bimodule S^{N,r). 

Proof. Define u E A^{N, r) by setting 

. (3.1.3.1) 



For A G KJji.r), let diag(A) = {6ijXi)ij^z G Qi^{n,r). If we embed Ai,{n,r) into 
A^{N, r) via the map fi ^ Jl, where 

H =[..., fil, fin, , fJ-n+l, ■ ■ ■ , fJ'2n,(j ,■■■), 

and put e = J2,,eA^{n,r)^dmg{ti) and = ediag(a;), then S^{n,r) = eS^{N,r)e and 
T-L/^i^r) = e^S/^{N,r)ei^, and TJji,r) = eS/^{N,r)ei^ as ^^(n, r)-'HA(r)-bimodules. Here 
all three isomorphisms send ca to e^. □ 

For A e 6A(n, r), let 

[A] = v~'^'^eA, where dA = aijak,i. (3.1.3.2) 

(See [58i, 4. 1(b), 4. 3] for a geometric meaning of c^a.) Then for A G AA(n, r) and 
A G Oa(^, ''''), we have 

n- /xM r.i f[^]> ifA = ro(A); , .^T.,. fU], ifA = co(v4); 

[diag(A)] ■ [A] = <^ L J, _ V and [A][diag(A)] = <^L J, _ v 

I U, otherwise; I 0, otherwise. 

(3.1.3.3) 

Moreover, the 2^-linear map 

Tr : 6k(n, r) ^^(n, r), [A] ^ [M] (3.1.3.4) 

is an algebra anti-involution. 

We end this section with a close look at the basis {[A] \ A E Qiir,'')^} ioi %{n,r) 
from its specialization Cg{'3^ x Let 

4(n, r) = {i = (4)fcez Mfc G «fc+r = ik + n for all G Z}. (3.1.3.5) 

We may identify the elements of I/^{n, r) with functions i : Z — )■ Z satisfying 
i(s + r) = i(s) + n for all s G Z. (Note that a periodic function i can be identi- 
fied with (zi, . . . ,ir) G Z^, where = i(s) for all s. For more details, see f l3.3.0.2p 
below.) Clearly, there is a bijection 

4(n, r) ^ a(;J , r)^, i ^ A= (3.1.3.6) 
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where = {ak,i) with ak^i = 5k,ii- Thus, the orbits of the diagonal action of G on 
^ 2^ are labeled by the elements of 4(n, r), and 0\ := O^i is the orbit of the pair 
(Li, L0), where the ith lattices of Li, L0 are defined by 

Li,i=0Ft;,- and U.i = ^^v,. (3.1.3.7) 

Here fi, . . . , is a fixed ¥[e, £:~^]-basis of V and f j+rs = Vi for all s G Z. This is 
because the difference set 



{/}, a k = if, 
otherwise. 



{j I ^k,j<: /}\({j 1 2, ^ k-l,j <: l}u{j 1 ^k,j<: /-!}) : 

Let di = d^i (see (13.1. 3. 2p ). If we set, for each L E '3^, 

<ri,L = {L'G ^ I (L,L') GOi}, 

then, by [58i Lem. 4.3], di is the dimension of ^i^i, (in case where F is an algebraically 
closed field). More precisely, a direct calculation gives the following result. 

Lemma 3.1.4. For each i = (ij) G IJji^r), let 

Inv(i) = {{s,t) G I 1 ^ s ^ r, s < t, 2, ^ it). 

Then di = |Inv(i)|. 

Proof. Applying [581 Lem. 4.3] gives 

di = dAi= ^ S^^^5k,ii= ^^5sm( X] "^^a) = 5Z ( 5Z 

i^'^"- IsgtsCr seZ s^k,t<l Is^t^r it^k,t<l 

s^k, t<l 

= |Inv(i)|, 

as required. □ 
With the identification of (13.1.1.31) . we have 

where xi is the characteristic function of the orbit Oi. 



3.2. AfHne Hecke algebras of type A: the algebraic definition 

We now follow |35|, 177] to interpret affine quantum Schur algebras as endomor- 
phism algebras of certain tensor spaces over the affine Hecke algebras associated with 
the extended affine Weyl groups of type A. 

Let &i^r be the affine symmetric group consisting of all permutations w : Z — Z 
such that w{i + r) = w{i) + r for i G Z. This is the subset of all bijections in 4(r, r) 
which is defined in (I3.1.3.5p . Hence, Inv(ti?) is well-defined. More precisely, for any 
a G Z, if we set 

Inv(w, a) = {(s, t) G Z^ I a + 1 ^ s ^ a + r, s < t, w{s) > w{t)}, 



then Inv(w) = Inv(w, 0) and |Inv(w)| = |Inv(?i;,a)| for all a G Z. 
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There are several useful subgroups of ©A,r- The subgroup W of ©A,r consisting of 
w G ©A,r with ^21=1 ""^(0 = J2i=i ^ is the affine Weyl group of type A with generators 
Sj (1 ^ i ^ r) defined by setting 

, for 2,2 + 1 modr; 

= { j — ^1 for j = 2 + 1 modr; 
+ 1, for j = i modr. 

If 5 = {sjji^i^r, then {W,S) is a Coxeter system. For convenience of writing con- 
secutive products of the form ■ ■ ■ or SjSj„iSj_2 • ■ ■ , we set Si+kr = Si for all 
keZ. 

Observe that the cyclic subgroup (p) of &l^^r generated by the permutation p of Z 
sending j to j + 1, for all j, is in the complement of W . Observe also that Sj+ip = pSj 
for all j G Z. 

The subgroup A of ©a,^ consisting of permutations yofZ satisfying y{i) = z(modr) 
is isomorphic to via the map ?/ H- A = (Ai, A2, . . . , A,.) e Z'' where y{i) = Xir + i for 
all 1 ^ 2 ^ r. We will identify A with Z^' in the sequel. In particular, A is generated 

by = (0, . . . , 0, 1 , 0, . . . , 0) for 1 ^ z ^ r. Moreover, the subgroup of W generated 

(«) 

by Si, . . . , Sr-i is isomorphic to the symmetric group &r- 

Recall the matrix set Oa('", r)^^ defined in fl3.1.0.2p which is clearly a group with 
matrix multiplication. 

The following result is well-known; see, e.g., |35[ Prop. 1.1.3 & 1.1.5] for the last 
isomorphism. 

Proposition 3.2.1. Maintain the notation above. There are group isomorphisms: 

6^, = e^lr, r)^ ^ 6, K Z^ = (p) x W. 

Proof. The first isomorphism is the restriction of the bijection defined in (13.1.3.61) 
for n = r; see also fl3.1.0.4p . In particular, every w G ©A,r is sent to the matrix 
Aw = {0'k,i) with ak^i = 5k,w(i)- The second is seen easily since every w G ©A,r can be 
written as xA, where x G &r and A G Z^' are defined uniquely by w{i) = Xir + x{i) 
for all 1 ^ i,x{i) ^ r. If G &/s^r {k G [l,r]) denotes the permutation e^li) = i 
for i ^ k, i E [1, r] and ek{k) = r + k, then = pSr+k-2 ■ ■ ■ Sk+iSk, proving the last 
isomorphism. □ 

Let i be the length function of the Coxeter system (W, S). Then i{w) for w E W 
is the length m such that w = Si^ - ■ ■ is a reduced expression. By 

Extend the length function to ©^.r be setting i^p^w') = i{w') for alH G Z and w' G W. 
Since Inv(p*) = 0, induction on i{w) shows that 

i{w) = Inv(w), for all w G &^r- (3.2.1.1) 

The group &i^r acts on the set Ii,{n, r) given in (I3.1.3.5P by place permutation: 

iw = {ini{k))kez, for i G hin.r) and w G &i^r- (3.2.1.2) 
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Clearly, every ©/^.r-orbit has a unique representative in the fundamental set 

r)o = {i G hin, r) \ I ^ ii ^ 12 ^ ■ ■ ■ ^ i,- ^ n} 

r-A , X A / M 3.2.1.3 

where = {is)s& £ Itkn, r)o if and only if = m for all s G i?^ and m G Z, or 
equivalently, Aj = G Z | = j}| for all j G Z. Written in full, i'^^ is the sequence 

(■ ■ ■ , 0, ■ ^. , 0,1, ■ ^. , 1, 2, ■ , 2, ■ ■ ■ , n, ■ ^. , n, 1 + n, . ^. , 1 + n , 2 + n, . ^. , 2 + n , . . .). 

An Ai A2 A„ Ai A2 

Observe that every number of the form i + kn, for 1 ^ i ^ n, /c G Z, determines a 
constant subsequence {ij)j^R>-^^ = {i + kn, . . . ,i + kn) of i = (of length A,) indexed 
by the set 

Ri+kn = {^k,i-i + 1, + 2, . . . , \k,i-i + Aj = \k,i}-i (3.2.1.4) 

where \k,i-i = kr + X]i^ts:i-i '^t- These sets form a partition Ujez -^i ^- Note that 
the fundamental set Ia^u, r)o is obtained by shifting the one used in [77] by n. 

For A,/i G A^(?7,,r), let ©a := ©(Ai,...,a„) be the corresponding standard Young 
subgroup of &r (and hence, of ©A,r), and let 



{d\de &A,r, i{wd) = i{w) + i{d) for w G ©a}- 



By (I3.2.1.ip . one sees easily that 

d-^ e ^ d{\k,i-i + 1) < rf(Afc,i_i + 2) < ■ ■ ■ < d{\k,i-i + Ai), VI ^ z ^ n, G Z 

^ d{Xo,i-i + 1) < rf(Ao,i_i + 2) < ■ ■ ■ < d(Ao,i-i + A^), VI ^ z ^ 

(3.2.1.5) 

The following result is the affine version of a well-known result for symmetric groups 
(see, e.g., Th. 4. 15, (9.1.4)]. It can be deduced from |77, 7.4]. For a proof, see 

m 9.2]). 

Lemma 3.2.2. Let S>1^ = S>in There is a bijective map 

M ■.{{X,w,fi)\we ^l^, X,fie A^in, r)} e^(n, r) (3.2.2.1) 

sending {X,w,fi) to A = {ak,i), where, if\\ = {ia)a& and = {ia)aez, then 

ak,i = |{t G Z I = k,jt = l}\ = \Rt n wR^\ (3.2.2.2) 

for all k,l & Tj. In particular, by certain appropriate embedding, restriction gives two 
bisections 

Ja : {{X,w,u) I w G i^t,^, A G AA(n,r)} G^^r)^ (3.2.2.3) 
and Ja : {(w, w, w) \ w E &i^r} 0a('", r)^. 

We remark that, for w' G &xw&fj,, the equality flw'-Rfl = nw-Rj^l holds. 
Hence, the matrix A is completely determined by A, /i and the double coset &\w&fj,, 
and is independent of the selection of the representative. Moreover, if Ja(A, d, fi) = A, 
then Ja(/^5 d~^, A) = *A, the transpose of A. 

Corollary 3.2.3. For X, fi e AA{n,r) and d G with jA{X,d, fi) = A e Oa('t-,t), 
let z/^*) be the composition of Xi obtained by removing all zeros from row i of A. Then 
&x n d&^d^'^ = where v = (z/(^), . . . , !/("-)). 
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Proof. Let = {js)sez G Itln.r). Then js = k for all s e R'^ and k e Z. Thus, 
/ e and d'\l) e R'^ I e R^ n dR'^. For 1 ^ i ^ n, if 

li := (fc^^^^^)fcez = (. . . , 1^^^^^, 2^^^^^, . . ., n,..^., n , . . .) e 

then, with the notation used in f l3.2.1.4p . fl3.2.1.5p together with Lemma 13.2.21 im- 
plies J, = (jd-i(Ao,,_i+i), • • • ,Jrf-i(Ao,»-i+A,))- Hence, (jd-Hi), ■ ■ ■ ,jd-Hr)) = {h, ■ ■ ■ Jn)- 
Since = StabeA^(//i), it follows that ©a H d&^d^^ = &x H StahQAri^t^d^^) = 
Stab6,(V-') = ' □ 

Corollary 3.2.4. There is a bijective map 

3l ■ Un, r) ^ {{\,d,uj)\de ^ e A^in, r)}, i ^ (A, d, u), 

where i = i\d. Moreover, if (i+ denotes a representative &\d with maximal length, 
then di = |Inv(i)| =i{d+). 

Proof. Clearly, is the composition of the bijection given in fl3.L3.6p and the 
inverse of Ja given in fl3.2.2.3p . We now prove the last statement. 
Let £ = {(s, t) G Z2 I 1 ^ s ^ r, s < t} and j = i^. Then 

Inv(i) = {(s, t) G £ I jd(s) ^ jdit)} = X1UX2 (a disjoint union), 

where Xi = {(s,t) G C \ jd{s) > jd{t)} and X2 = {{s,t) G C \ jd{s) = jd{t)}- Since 
{s,t) G X2 if and only if d{s),d{t) G R^ for some A; G Z, fl3.2.1.5p forces d{s) < d{t). 
Hence, if 6A,r acts on diagonally, then 

X2 = {{s,t) G C I d{s) < d{t),d{s),d{t) G R^ for some A; G Z} 

= d-^{{s, t) G Z^ I 1 ^ d-\s) ^r,s <t,s,t e Rk for some k G Z}. 

Thus, 1 is the length of the longest element wq^x in ©a by Lemma [3.10.11 Since, 
for {s,t) G C\X2, jd(s) > jd(t) d{s) > d{t), applying p.2.1.5p again yields 

Inv(rf) = {{s,t) G C I d{s) > d{t)} = {{s,t) G A^2 I d{s) > d{t)} = Xi. 

Consequently, di = \Xi \ + IX2I = i{d) + i{wQ^x) = i{d~^), as required. □ 

We record the following generalization (to affine symmetric groups) of a well- 
known result for Coxeter groups. 

Lemma 3.2.5. Let A,/i G Aj^(n,r) and d G ^Xfi- Then d^^&xdn ©^ is a standard 
Young subgroup 0/©^. Moreover, each element w G &xd&fj, can be written uniquely 
as a product w = Widw2 with wi G ©a and W2 & H where v G AA(n, r) is 
defined by ©^ = d^^&xd fl ©^, and the equality £{w) = £{wi) + i{d) + £{102) holds. 
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Following [45], the extended affine Hecke algebra 'H(6A,r) over Z is defined to be 
the algebra generated by Tg. (1 ^ i ^ r), T^^ with the following relations: 

Tl = {v' - 1)T, + v\ 

TsTs^ = TsTs^ {i- j ^ ±1 mod r), 

TsTsTs^ = TsTsTsj {i- j = ±1 modr and r ^ 3), 

t,t;i = = 1 

where T,^_^^ = Tg^. This algebra has a Z-basis {71„}«,e6A,,., where = T^,,^ ■ ■ -Tg^^ if 
w = Sj^ ■ ■ ■ is reduced. 

The following result is well-known due to Iwahori-Matsumoto |41j . Recall the 
algebra T-Lj^r) defined in §3.1 and the isomorphism given in fl3.1.1.3p . 

Lemma 3.2.6. There is a Z-algehra isomorphism 'H{&i^r) — 'Hj^r) whose specializa- 
tion of V to y/q gives a C-algebra isomorphism 

H{e^r) ® c ^ Cg{^ X jr). 

Thus, we will identify T-L{&^r) with T-L^{r) in the sequel. 

Let 'H(r) = T-L^&r) be the subalgebra of TiA^r) generated by Tg^ {1 ^ i < r). Then 
'H(r) is the Hecke algebra of the symmetric group &r- We finally set 

Htir) = n^ir) ®z Q.{y) and n{r) = H{r-) ®z Q{v). 
For each A G AA(n, r), let X\ = J^weSx '^'^ ^ 'H(r) and define 

^i/eAa(n,r) 

For A,/i G A^(n, r) and d G ^A.^t; define (pf^^^ G SA{n,r) as follows: 

Kf^M = Spu (3.2.6.1) 



d 



where v G Aa(t2, r) and h G l-Lixir). Then the set {(pxp} forms a basis for S^in^r). 

Remarks 3.2.7. (1) We point out that, as a natural generalization of the g-Schur 
algebra given in |14|, 115] , the endomorphism algebra S^in^r) is called the affine 
q-Schur algebra and the basis {(t^x^^} was constructed by R. Green |35j . 

(2) Let -R be a commutative ring with 1 which is a ^-algebra. Then, by base 
change to i?, a similar basis can be defined for 



{n, r; R) = End^^(^)^ Xxn^ir) 



AGAi(n,r) 



As a result of this, the endomorphism algebra {n, r) satisfies the base change 
property: SA{n,r;R) = (52^(71, r)^. This property has already been mentioned for 
R = Z[^, ^"^] in Remark Em 
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Combining the base change property and [771 7.4] gives the following result which 
extends the isomorphism given in Lemma [3.2.61 to affine quantum Schur algebras. 

Proposition 3.2.8. The bijection ji^ given in Lemma \3. 2. 2\ induces a Z-algehra iso- 
morphism 

f) : S^{n,r) ^ 5«(n,r), ca ^ K,^. 
for all A G QJji.r) with A = j/^{\,d,n), where A,/i G AA(n, r) and d G ^a,/^- More- 
over, regarding ©AGAi(n r) '''a'^a(^) o,s an SJji.r) -module via f), we obtain an SJji.r)- 
'H/s^{r)-bimodule isomorphism 

ev : %{n,r) ^ ^ xxUj^r), ca i — > XxTd, 

AeAi(n,r) 

for all A G Qilr , with A = j^{X, d, u) . 

Note that if we regard %{n, r) as a subset of S^{N, r) as in Lemma 13.1.3^ the 
bimodule isomorphism is simply the evaluation map. 

Recall that, by removing the supscript ^, the notation S^x^^j. denotes the shortest 
(©A, ©^)-coset representatives in &r- If we identify A/^(n, r) with A(n, r) via fll.l.0.2p . 
we obtain the following. 

Corollary 3.2.9. The subspace spanned by all (pf^ with A,/i G A^{n,r) and d G S'x,fi 
is a subalgebra which is isomorphic to the quantum Schur algebra S{n,r). 

Using the evaluation isomorphism, we now describe an explicit action of l-ijj^) on 
%{n,r). First, for A G A^{n,r), d E ^x 1 ^ ^ r, 

f v^XxTd, if dsk ^ n (then e{dsk) > i{d)y, 

XxTd ■T,^ = l xxTds,, if iidsk) > i{d) and ds^ G (3.2.9.1) 

[v^xxTds, + (v^ - l)xxTd, if iidsk) < i{d){then dsk G ^^). 

Second, by Corollary 13. 2. 41 we obtain ef ([A']) = v~^^'^^^xxTd if j2(i) = (A, d, u), where 
d~^ is a representative of &xd with maximal length. For w G ©A,r5 let = v~^^^''T^. 
Thus, for j = i A and d as above, (13.2.9.11) becomes 

( v[A^% if dsk ^ (then l{dsk) > ({d)); 

[^'1^^. = < [Ai''% if iidsk) > i{d) and dsk G 

[ [^j^^*] + {v - v-^)[A^% if £{dsk) < i{d){then dsk G ^^). 

This together with Lemma 13.1.41 gives the first part of the following (and part (2) is 
clear from definition). 

Proposition 3.2.10. Let i G Ii^{n,r). 

(1) For any 1 ^ k ^ r, we have 

{v[A'], ifik = ik+i; 

[A'% tfik<ik+i, 
[A^'-] + {v~v'^)[A% ifiu>ik+i. 

(2) [A']Tp = [A^^], where p G ©A,r is the permutation sending i to i + 1 for all 
i G Z. 
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3.3. The tensor space interpretation 

We now interpret the right 'HA(r)-module TJji, r) in terms of the tensor space, 
following [77]. 

The Hecke algebra 'H(©A,r) admits the so-called Bernstein presentation which 
consists of generators 

Ti := T,^, Xj := Te^ + ...+ej_i^ei + -+ej = 1; • • • ; ''^ — 1; j = 1; • • • ; 

and relations 

(T, + 1)(T,-t;2) = 0, 

TjTi+iTi = Ti+iTiTi+i, TiTj = TjTi (|i - j| > 1), 
XiX- ^ = 1 = X- ^Xi, XiXj = XjXi, 
TiXiTi = v^Xi+,, X,Ti = TiX, (j 1,1 + 1). 
Note that, for any dominant A = (A;) G Z*" (meaning Ai ^ ■ ■ ■ ^ A^.), 

\^Al \^Ar rr-i — 1 

A •— ^1 ■ ■ ■ — -'a • 

In particular, it takes Tp = Tp to X^^T{^---T^\ since ei = ps^-i ■ ■ ■ S2S1 and 

By definition, we have, for each 1 ^ z ^ r — 1, 

T,Xr^\=Xr'T, + il-v')Xr\ 

X-,\Ti = TiXr' + (1 - v^)Xr\ 

11 11 9 1 3.3.0.1 

Tr'Xr' = Xr^{rr^ + (l-v-')Xr^„ 

X-X^' = Tr^Xr;^ + (1 - v-')Xr^\. 

So XiTi = TiXi+i + (1 - v^)Xi+i and T^X^ = X^+iT^ + (1 - t;2)Xi+i, etc. 

Let VL be the free ^-module with basis {ui | i G Z}. Consider the r-fold tensor 
space fi®*" and, for each i = (zi, . . . , G write 

We now follow |77j to define a right 'HA(r)-module structure on and to establish 
an 'HA('")-niodule isomorphism from TJji,r) to VL®^ . 

Recall the set IJji, r) defined in fl3.1.3.5p and the action (13.2.1.21) of (3A,r on IJji, r). 
If we identify IJji, r) with 7/ by the following bijection 

h{n,r)^T\ (^i,...,v), (3.3.0.2) 

then the action of ©a,,, on IJji, r) induces an action on Z*". Also, the usual action of 
the place permutation of &r on I{n,r), where 

/(n,r) = {{ii,...,ir) G Z'' | 1 ^ ^ n\/k}, 

is the restriction to of the action of on V (restricted to I{n,r)). We often 
identify J(n, r) as a subset of /^(r;,, r), or 4(^1, r)o as a subset of /(n, r), depending on 
the context. 

By the Bernstein presentation for 'Ha(^), Varagnolo-Vasserot extended in [77] the 
action of 'H(r) on the finite tensor space fi^'', where Qn = span{ci;i, . . . , Un}, given in 
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(see also |21] ) to an action on fi'^'' via the place permutation above. In other 
words, fl^^ admits a right T-L^{r)-modu\e structure defined by 

■ ■ (^H-i^it+n(^it+i ■■■^ir, ior all i e Z'' 
if ik = ik+i', 

if ik < ik+i] for all i G I{n,r), 




2 



l)a;i, if ik+i < ik, 



(3.3.0.3) 

where 1 ^ ^ r — 1 and 1 ^ t ^ r. 

In general, for an arbitrary i = {ii, . . . ,ir) & 1/ , there exist integers mi, . . . , 
such that Ui ■ X'^^ ■ ■ ■ X^'' = with j = (ji, . . . ,jr) G I{n,r). For example, if all 
rrii ^ 0, then we define recursively by using (13.3.0. ip 

C0i-Tk = (tui ■ (Xr"^ ■ ■ ■ X,-™")) ■Tk = coy (Xr™^ ■ ■ ■ X.r-'-Tfc) 

= (cj ■ n) ■ {xr^ ■ ■ ■ xn^-^x-^-x.-^-^x;™-^ ■ ■ ■ X--)) 

■ (^r™^ ■ ■ ■ xr^xZ^^^^'x-^x;:','^-^ . . . X--)) 

s=l 
mj. — 1 

+ J] (t;^ - l)c.j ■ (Xr- ■ ■ ■Xn''-^Xr'=^^X-;,Xr'=^^X,---^ . ■ -X--))- 

s=0 

Varagnolo-Vasserot have further established in \77\ Lem. 8.3] an 'H^(r)-module 
isomorphism between 7I(n, r) and . This result justifies why the set IJji,r)Q 
defined in (13.2.1.31) is called a fundamental set. Recall from (I3.1.3.6P the matrix 
defined for every i G IJji^r). 

Proposition 3.3.1. There is a unique 'HiJj') -module isomorphism 

g : TiJji.,r) — )■ Vt®^' such that [A^] i — uj\ for all i G IJji^r)^, 

which induces a Z-algehra isomorphism 

t : 5^(n,r) ^ 5^(n,r) := End^(,)((]«'-)- 

In particular, g induces an SJji,r)-'Hjj')-himodule isomorphism. Moreover, special- 
izing V to y/q yields a Cg(^ x '3^)-Cg{'^ x S^)-himodule isomorphism over C from 
Coi^ X JT) to ■= fi®" ® C sending [A'] = q-^'^'Xi to coi, Vi G /A(n,r)o. 

Proof. The first assertion follows from [231 Lem. 9.5]. By regarding Q®"^ as an 
'5a(^, r)-module via t, g induces an 5A(n, r)-'HA(r)-bimodule isomorphism. The last 
assertion follows from the isomorphism (I3.1.1.3P and the definition that %,{n, r) is the 
generic form of Cg(^ x □ 

Remark 3.3.2. As seen above, since the action of Tg. for l^z^r — Ion the basis 
elements Ui for i G I{n, r) follows the same rules as the action on [A^], it follows that 
g[A^] = oJi for all i G I{n,r). However, the actions of T^^ are different. Hence, if 
we identify %{n,r) with under g, then {[^']}ig/i(n,r) and {[i^i]}ie/A(n,r') form two 
different bases with the subset {[A^] = Wi}ie/(n,r) in common. 
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We now identify Cg{^ x ^) with Consequently, specializing v to y/q gives 
isomorphisms 

End^(,)^((]f ) = End^(,)^(CG(^r x Jf)) ^ CgI^T x ^ S^{n,r)c. 

These algebras will be identified in the sequel. 

Also, let fi = i7 02 Q{v), i.e., f2 is a Q(w)-vector space with basis {ui \ i E Z}. 
Then the right action of TiAir) on extends to a right action of l-L^ir) = '^.^{r) ®z 
Q(f ) on fi®'^. Hence, we have the Q(f )-algebra isomorphism 

5A(n,r) := 5^(n,r) ®z Q{v) = End<H,w(f^®'')- 

We will identify S^in, r) and S^in, r) with End-^(r)(r2®''") and End-^^(r)(r2'^''), respec- 
tively. 

3.4. BLM bases and multiplication formulas 

We now follow |3j (cf. |77j ) to define BLM bases for the affine quantum Schur 
algebra SJji.r) as discussed in |23j . Let 

= e 0a(^) I fli.i = for all i}. 
For A G 0^(?^) and j G Z^, define A{], r) G 5a(^5 f) by 

^(j,r) = /^AeA.(„..-.(^))^'-n^ + diag(A)], if a{A) ^ r; 
1 0, otherwise, 

where A • j = For the convenience of later use, we extend the definition 

to matrices in M„ a(Z) by setting A(j,r) = if some off-diagonal entries of A are 
negative. 

The elements A{],r) are the affine version of the elements defined in [31 5.2] and 
have been defined in terms of characteristic functions in \77\ 7.6]. 

The following result is the affine analogue of [24^ 6.6(2)]; see |23t Prop. 4.1]. 

Proposition 3.4.1. For a fixed 1 ^ ^ n, the set 

BA,io,r := {A{3,r) \ A G e±(n),j G n2,j,, = 0,a(j) + a(A) ^ r} 
forms a Q{v)-basis for SA{n,r). In particular, the set 

B^r := {A{},r) I A G e±(n),j G N2,a{A) ^ r} 
is a spanning set for S^in, r). 

We call i3A,jo,r a BLM basis of S^ln, r) and call Bi^r the BLM spanning set. As in 
the finite case, one would expect that there is a basis for quantum affine 0[„ such 
that whose image in S^in, r) is Si^r for every r ^ 0. See §5.4 for a conjecture. 

The affine analogue of the multiplication formulas given in [B] 5.3] has also been 
established in |23] . As seen in |23t Th. 4.2] these formulas are crucial to a modified 
approach to the realization problem for quantum affine sin- We shall also see in 
Chapter 5 that they are useful in finding a presentation for affine quantum Schur 
algebras of degree (r, r). Let af = ef — ef^_]^,/3f = — ef — ef_,_j^ G Z". 
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Theorem 3.4.2. Assume 1 ^ h ^ n. For i G Z j, j' G and A G G^(n), if we put 
f{i) = f{i,A) = J2j^iah,j-J2j>iah+i,j andfii) = f'{i,A) = Ei<i "Ek^ 
then the following identities hold in «S^(n, r) for all r ^ 0: 

0(j,r)/l(j',r)=t;>°(^)A(j+j',r), 

^(j',r)0(j,r)=t;j--(-^)A(j+j',r), 

where stands for the zero matrix, 



ah,i + 1 
1 



V 



1 



>h+l;ah+i,i^l 



+ v 

_^ yf{h+l)+jh + l 



1-v- 



0'h,h+l + 1 
1 



(3.4.2.2) 



i?,V,.(0,r)A(j,r)= E 



1 



1 



V 



0'h+l,h + 1 
1 



(A + E,V,,)(j,r). 



(3.4.2.3) 



According to Proposition ll.4.5[ the double Ringel-HaU algebra 2)a('^) has gener- 
ators corresponding to simple modules and homogeneous indecomposable modules. 
It would be natural to raise the following question. In fact, we will see in §5.4 that 
the solution to this problem is the key to prove the realization conjecture I5.4.2( cf. 
Problem 16.4.21 

Problem 3.4.3. Find multiplication formulas for Ej^ f^^^^{0,r)A{j,r) for all s 7^ in 
Z. 

3.5. The 2)A(n)-'H/^(r)-bimodule structure on tensor spaces 

As in the previous section, let fl be the Q(f)- vector space with basis {ug \ s G Z}. 
Let U(Coo) be the quantum enveloping algebra associated with the Borcherds-Cartan 
matrix Cod', see Definition 12.2.41 Our idea is to use the natural module structure 
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on f2 for the quantum enveloping algebra U(Coo) associated with the Borcherds- 
Cartan matrix C^o- This induces a left U(Coo)-module structure on the tensor space 
fi*^^ which commutes with the right action of the affine Hecke algebra Utir), and 
hence, an algebra homomorphism '■ U(Coo) SJji^r). We then show that this 
homomorphism factors through $ : U(Coo) — ?■ "^hin). In this way, we obtain a 
'S^ Jji)-1-L Jj'Yhim.odvXe structure on fi®'', and will then partially establish the affine 
analogue of the quantum Schur-Weyl duality in §3.7. 

For i E I and t E Z+, we define the actions of K^^, Ei, Fi, kf^, xt, and yt on ft 

by 

Kf^ ■ Us = V^^^'^UJs, kf ^ ■ Us = Us, 

Ei ■ Us = Si+i^s(^s-l, XfUs = Us-tn, (3.5.0.1) 
Fi ■ Us = 5i^s'-^s+li Yt ' = ^s+tn- 

Lemma 3.5.1. With the action defined as above, f2 becomes a left U {Coo) -''nodule. 

Proof. For i E I and t E Z+, we denote by Kf^,(j)f, tjjf, and ijj^ the 

Q(f )-linear transformations of f2 induced by the actions of Kf^, Ei, Fi, kf^, xj, and 
Yt on f2 defined above, respectively. The assertion follows from the fact that nf^, (f)f, 
^, tp^, and tp^ satisfy the relations similar to (R1)-(R8) in Definition 12.2.41 
This is because those relations involving xt^^ i^t i ^"^^ 4'r clear, while the others 
(involving only Kf^, Ei, Fi) follow from the natural representation of the extended 
quantum affine 5l„ on fi (see, e.g., [23', (9.5.1)]). □ 

Since all kf act identically on O, it follows from Proposition 12 . 2 . b1 that the action 
of U(Coo) on fi induces an action of 2)a('^) on fi, i.e., for each x E 2>A(n) and s E Z, 
we have 

X ■ Us = y ■ Us, where y E $^^(a;). 

Let ^1 : '2D^{n) — )■ End^^(r)(f2) be the algebra homomorphism defined by this action. 

As shown in §2.1, there is a PBW type basis for 2)/x(?t-). The action of these basis 
elements on the basis {us | s G Z} of fi can be described as follows. 

Proposition 3.5.2. For each ^ A E Q^{n) and s E 7j, we have 

^A-^s = ^ ^A,El^^t and U]^-Us = ^^ 5A,E^^^^0Jt, 
t<s s<t 

where, as m (II. 2. U. 121) . = v'^'au^ with = dimEnd(M(v4)) - dimM(v4). In 
particular, if A ^ and M{A) is decomposable, then u\ ■ Us = = ■ Us ■ 

Proof. Define a Q(f)-linear map = 0+: 'D^{n)~^ — )■ EndQ(^,)(f2), mJj ^ 0a by 
setting 00 = id and for ^ 7^ 0, 

0A : fi > fi. Us I > ^ 5A,Ei^(^t- 

t<s 

Define 0~ : 55a(^)~ EndQ(t,)(fi) in a similar way. 

We only prove the first equality. The second one can be proved analogously. We 
first show that is an algebra homomorphism. For i < j in Z, set M*'-^ = M{Efj) = 
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Si[j — i] as in §1.2 and write j — i = an + b for a ^ and < n. Then it is easy 
to check that 

dimEnd(M«) = {«Yi, (3.5.2.1) 

We claim that for I < s < t, 

dim End(M''*) = dim End(M^'") + dim End(M^'*) + (dim M'•^ dim M"'*) (3.5.2.2) 

(cf. proof of [ 12 i . Lem. 8.2]). Indeed, write 

s — I = aiTi + bi and t — s = + 62 

for ai,a2 ^ and ^ &i,&2 < n. Then t — I = {ai + a2)n + 61 + 62- If 61 = 
or 62 = 0, the equality follows from ( 13.5.2.11) since (dim M'-", dim M"'*) = by 
fll.2.0.1ip . Suppose now 61 7^ and 62 7^ 0. Then 

dimEnd(M''') + dimEnd(M''*) = ai + + 2 and 

dimEnd.A(M''0 = I + + J' ^ + ^ ^ ^' 
^ ^ I ai + as + 2, if 61 + 62 > n. 

Let d = (c/i) = dimM''^ Then 

Therefore, the equality (13.5.2.21) holds. 

For A, i? G ©^(n), we have 

C 

Thus, to prove that is an algebra homomorphism, it suffices to show that for 
A,Bee+{n), 

^^^^ = ^{<lirnMiA)AirnMiB))+d'^+d',J2v-'''cifl^(j)c. 

C 

By definition, we have for s G Z, 

c 

unless B = E^^ and A = Ef^ for some I < s <t. Now we suppose that B = E^^ and 
A = Ef^ for some I < s < t. Then 

0a0b(wJ = and 



'^'^'^A,B(Pc{^^s) =v '^'dui, 



c 

where D = Ef^^ (and if^j^ = 1). From 03.5.2.21) it follows that 

c 

Hence, is an algebra homomorphism. 
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To prove the proposition, it remains to show that coincides with the restriction 
of ^1 to 'J!)^{n)~^. Since 'J^^{n)^ is generated by uf and zf for i G / and t G Z+, we 
need to check that 

<P{ut)=U^t) and 0(z+) = ei(z+). 
The equahty 4>{uf) = C,i{uf) is trivial. For each s G Z, we have by definition 

^l{zf){uJs) = zf ■UJs = UJs-tn- 

On the other hand, by fl2.2.0.3p . 

where is a hnear combination of certain u\ with M{A) decomposable. Hence, 
</)(x"'") = 0. Thus, 

n n 

(Note that -^^6 = for a,b E Z.) Hence, 0(z/') = ^i(zj^). This completes the 

proof. □ 

Remark 3.5.3. The above proposition implies that the action of on in- 

duced from coincides with the action given in \77\ Lem. 8.1] which is defined geo- 
metrically through the algebra homomorphism : 2)a(^)~ — <5A(n, 1); see (13.6.2. ip 
below. 

Now, for each r ^ 1, the Hopf algebra structure of U(Coo) induces a left U(Coo)- 
module structure on the tensor space fl'^'^ which has a Q(?;)-basis {ui \ i G Z*"}. 
Since and are primitive elements, we have by (13.5.0. ip that for each t ^ 1 and 

Wi = ® • ■ ■ (g) G ri®*", 

r 

xt ■ cji = ^ (g) ■ ■ ■ (g) cui^_, (g) Ui^-tn ® (^is+i <g ■ ■ ■ ® cjj^ and 

'7' (3.5.3.1) 

yt ■ = ^ Wii (g • ■ • (g (g Wi^+fn (g (g ■ • • (g Wj,. 

Recall from §3.3 that H-Jj^) has a right action on fi®*". The following result says that 
the left action of U(Coo) and the right action of l-Ljj^) on fi'®'' commute. 

Proposition 3.5.4. For each r ^ 1, the actions o/U(Coo) and Hjj') on fi®'' com- 
mute. In other words, the tensor space f2®^ is a U {Coo) -HAir) -bimodule. 

Proof. Since U(C'oo) is generated by the set := {Kf^, kf^, Ei, Fi,xt,yt \ i e 
I,t E Z+} and H^J^r) is generated by the set := {T^^Xg | 1 ^ < r, 1 ^ s ^ r}, 
it suffices to show that 

u- {uj;-h) = {u- Wi) ■ h (3.5.4.1) 

for all M G /i G and i G Z*". It is easy to check from the definition that 
(I3.5.4.ip holds for u = Kf^ or kf^ and arbitrary h G (resp. for h = Xg and 
arbitrary -u G ^ ) . 
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Furthermore, by f l3.5.3.ip . for t ^ 1 and i G Z'', 

Xt ■ Wi = Wi ■ ( ^ X*) and ■ = • ( ^ . 

This imphes that for any h G 

(x, ■u,)-h=L,-{Y. ^'S) ■h = {oo;-h)-{J2 Xl) = X, ■ {00, ■ h), 

{yfU;0-h=U-{ J2 X;')Yh = {u;,-h).{ X;') = ■ {00, ■ h) 

since '^i^s^r-^t^ central elements in H-Jj"). 

Consequently, it remains to prove that ( I3.5.4.ip holds for \ E , u = Ei, Fi {i E I) , 
and h = Tk {1 ^ k < r). 

Clearly, the subalgebra of U(C'oo) generated by Kf^, Ej and Fj {i E I and j G 
I\{n}) is isomorphic to the quantum enveloping algebra Ut,(0[„) of and the 
subalgebra of 'H.Jj') generated by (1 ^ A; < r) is isomorphic to the Hecke algebra 
'H(r) of &r. Thus, by applying the result on quantum Schur algebras (see, e.g., |1H 
Lem. 14.23]), we obtain that fl3.5.4.ip holds for u = Ei,Fi {i G I\{n}), h = Tk 
{1 ^ k <r), and i G I{n, r) = {(ii, . . . , v) G Z*" | 1 ^ ^ n Vs}. 

Suppose now i = {ii, . . . ,ir) G /(n, r). Then, by definition, 

where g{i,j) = |{s | j < s ^ r, ig = n}\ — \{s \ j < s ^ r, ig = 1}| and Cj = 
(^s,i)i«;s^r £ Z''. In the following we show case by case that {En ■ oui) - Tk = En - {oui ■ Tk) 
for 1 ^ /c < r. 

Case ik = ik+i- In this case, 

(En ■ coi) ■n = v^ '^.„i^'^''^^i-e, + 5,„i(i;^('''=)u;i_e, ■ n + v3^''^+^^u,.,^^^ ■ Tk). 

(3.5.4.2) 

If ik = ik+i = 1, then g{i, k) = g{i, k + 1) — 1. Hence, 

S.,,,{v^^'''We, ■ Tk + V^^'^'^'We,^, ■ Tk) 
= K,l{v'^'''^^Win^l)e, ■ (T.'Xk+l) + i;^('''=+')c^i+(„-l)e,+, " (TfcXfc + {v^ - l)Xfc+i)) 

Applying (13.5.4.21) gives that 

{En ■ UJi) ■Tk = v'^ Y 5i^,lV'^^''^^UJi~e, = v'^En ■ Ui = En ■ {uJi " Tfc). 
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Case ik < ik+i- In particular, ik+i ^ 1. By definition, we have 



ij — 1 



'^isft-Cfc+i 



Since 5f(isfc, A; + 1) = 5f(i, k)-Si^^-^^n and g{iSk,j) = g{hj) for j 7^ fc, /c + 1, we get that 



l^j^r, ij —1 



Case > "jfc+i- In this 7^ 1. It follows from the definition that 

{En ■COi)-Tk= Y ^'^''^^i+{n-l)e, ■ {X,Tk) 
l^j-^r, ij = l 



l^j^r, ij —1 



l^j^r, ij —1 



Since /c) = g{i, A; + 1) — 5ij.,n and g{isk,j) = g{hj) for j 7^ A;, /c + 1, we have 

{En-UJi)-Tk = V Y ^"^"^'^'W-e, + - 1)K ■ C^i 

("fc)j=l 

= ■ Wis^ + {V^ - l)En ■Ui = En - (Wi ■ Tk). 

Similarly, we have for i G I{n, r) and 1 ^ k < r, 

We conclude that fl3.5.4.ip holds for i G I{n, r), u = Ei, Fi, and h = Tk, where i E I 
and 1 < k < r. 
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In general, for an arbitrary j G U ^ write uj-^ = uj\- (X*^ ■ ■ -X*'") with i G I{n,r) 
for some ti, . . . , t,. G Z. Let X be the subalgebra of l-L^^r) generated by Xf , . . . , X^. 
Then X^ • • • X^/Tk = T^x + y for some X, ?/ G A". By the above discussion, we infer 
that for u = Ei OT Fi {i ^ I), 

{u ■ Ui) ■ n = {{u ■ coi) ■ (X{^ • ■ ■ X;")) ■Tk = {u- Ui) ■ {TkX + y) 

= {u ■ (wi ■ Tfc)) ■ X + u- (ui-y) = u - ((wi - Tk) -x) + u- (ui ■ y) 

= n ■ (wi ■ {TkX + y)) =u - (wj ■ T^.). 

The proof is completed. □ 

For each r ^ 1, the U(Coo)-'HA('")-bimodule structure on fi®^ induces a Q(f)- 
algebra homomorphism 

t ■■ U(Coo) ^ End^,(,)(f^®^') = 5,(n,r), 

which factors through the surjective Hopf algebra homomorphism $ : U(Coo) — >■ 
2)a(?i). Hence, we obtain a Q(f )-algebra homomorphism 

: ^ EndK,w(f^''') = ^Ain,r). (3.5.4.3) 

In other words, the following diagram is commutative 

End^,(,)(n^^)=5A(n,r) 




Since $(xf) = and $(yt) = for all t ^ 1, it follows from (I3.5.3.ip that for each 
t ^ 1 and = ® ■ ■ ■ ® G fi®''. 



z^+ ■ Wi = ^ (g) • • ■ (g) (g) Wi^-tn (g) (g) ■ ■ ■ (g) and 

s=l 
r 

Z^ ■ Wi = ^ Wj, (g) ■ ■ ■ (g) (g) Wi,+t„ (g) (g) ■ ■ ■ (g) Wi^. 



(3.5.4.4) 



s=l 

Remark 3.5.5. By Remark 13.5.31 the PBW type basis action for the Hall algebra 
5?a('^) described in Proposition 13.5.21 induces via comultiplication an action on the 
tensor space fi®''. Varagnolo and Vasserot have outlined a proof of the fact that this 
Hall algebra action commutes with the action of H^j"). Proposition l3.5.2l and Remark 
13.5.31 show that this Hall algebra action coincides with the restriction of the double 
Hall algebra action above, while the proof in Proposition 13.5.41 is a complete and 
more natural proof via the natural representation of the quantum enveloping algebra 
U(Coo). See §3.6 for an explicit description of the map and a further comparison 
with work of Varagnolo and Vasserot. 



We now describe the action of semisimple generators of '^Jji) on Q,®^ . Recall 
that for each a = (a^) G N'' = N", 

•S'a = ©ig/fliS'i, = ufg^^ and uf^^^ = "'("'"^^Mj^j. 
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The following result is a direct consequence of the definition of the comultiplications 
in Proposition ll.5.4r b) and Corollary I1.5.6( b0. See [77\ 8.3] for the second formula. 

Proposition 3.5.6. For sl G N", we have 

a=a(i)H haM 

Kw ® ^aW^ad) ® ■ • • (8) ^i^(,.)^a{l)+a(2)+-+a('-i)' 
a=a(i)H haM 

M;^(i)^-(a(2)+-+a('-)) ® ^i^(2)^-(a(3)+...+aM) ® " " " ® " 

This proposition together with Proposition 13.5.21 gives the following corollary. 
Corollary 3.5.7. For a = (oj) G N" and i = (ii, . . . ,ir) G Z'', we /iawe 

mjG{0,l} Vi 
a=miej^_lH hmrej^_i 

m;G{0,l} Vi 
a^mj^e;^ H hrrarSj^ 

Jn particular, if cr(a) = Xlie/ > ''^^ ^^^^^ ' '^i = = ^a ' '^i- 
Corollary 3.5.8. Ifn>r, then ^^(S^aI^)) = ^r(UA(r2)). 

Proof. By Proposition 11.4.31 2)a(^) is generated by ,u~ ,Kf^ ,ul^,u~^ {i G /, 
s G Z+). If n > r, then dim 5*85 = sn > r. By Corollary I3.5.7[ 

uj^ ■ Wi = = ■ Ui, for all Wi G fl'^''. 

Hence, Cr{u^s) = = C,r{u^s) ^ 1, and ^r(2)A(^)) is generated by the images 

oiuf,u~,Kf^. This proves the equality. □ 

Remark 3.5.9. We remark that, if z G C is not a root of unity, and 2?a,c('^) is 
the specialized double Hall algebra considered in Corollary 12.2.101 there is a S5a,c('T')- 
action on the complex space Q'^'^ which gives rise to an algebra homomorphism 

^r,c : S)^c(n) 6k(n, r)c. (3.5.9.1) 



3.6. A comparison with the Varagnolo— Vasserot action 

In [77], Varagnolo- Vasserot defined a Hall algebra action on the tensor space via 
the action on Q (Remark I3.5.3P and the comultiplication A and proved in |77l 8.3] 
that this action agrees with the affine quantum Schur algebra action via the algebra 
homomorphism (~ described in Proposition 13 . 6 . IT 1 ) below. We will define the algebra 
homomorphism in 13.6.1( 2) opposite to ^7 and show that C,r in fl3.5.4.3p is their 
extension. In other words, coincides with and (~ upon restriction (Theorem 
I3X3|) . 
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We first follow [77] to define an algebra homomorphism from the Ringel-Hall 
algebra S^^{n) of the cyclic quiver A(n) to the afiine quantum Schur algebra S^{n, r). 
This definition relies on an important relation between cyclic flags and representations 
of cyclic quivers. 

Recall from (13.1.1.31) the geometric characterization of affine quantum Schur alge- 
bras and the flag varieties ^ = <^i\{q), ^ = ^h{q) (and G = G{q)) over the finite field 
F = ¥g. Let L = (Li)iez, V = {L'^iez G ^ satisfy L' C L i.e., L'^ C Li for all i G Z. 
By [32', §9] and [58[ 5.1], we can view L/L' as a nilpotent representation V = {Vi, fi) 
of A( n) over F such that Vi — Li/L'^ and fi is induced by the inclusion Li C 
for each i & L Here we identify Ln+i/ L'^_^_i with Li/L[ via the multiplication by e. 
Further, for L C L', we define the integers 

a(L,L')= ^ dimf {L'J Li) {dim^{Li+i/ Li) - dimf {L'J Li)) and 

(3.6.0.2) 

c(L',L)= ^ dimr^L'i^^/ Li+i){dim^{Li+i/ Li) - dimf (L'J Li)). 

Recall also from fll.2.0.15p the geometric characterization H of the Ringel-Hall 
algebra i^A(^)- Thus, by specializing f to ga, there is a C-algebra isomorphism 

Sj^in) ®^ C ^ H, ^ (Da) = q-'^^'^^'Xo,^ 

where Oa is the Gy-orbit in the representation variety Ey corresponding to the 
isoclass of M{A). 

By identifying Si^{n,r) ®z C with Cg(^ x ^^), S^iJ^n) ®z C with H (and hence, 
^Jy'n)"^ ®z C with H°P), and recalling the elements Aij.r) e SJji.r) for each A G 

(n) and j G defined in fl3.4.0.ip . [77, Prop. 7.6] can now be stated as the first 
part of the following (cf. footnote 2 of Chapter 1). 

Proposition 3.6.1. (1) There is a Z-algehra homomorphism 

C : ^1a(^)°'' SJ,n, r), ua^ *A(0, r) for all A G e+(n) 
such that the induced map (~ ® idc : H°p — > Cg(^^ x ^) is given by 

(C ®idc)(/)(L,L) = <^ . (3.6.1.1) 

lU, otherwise. 

(2) Dually, there is a Z-algehra homomorphism 

C ■■ S^tin) 6k(n, r), UA^ A(0, r) /or a// A G e+(n) 
wi/i i/ie induced map ® idc : H — s> Cg(^^ x ^) ^zwen 6?/ 

(C«M,)(/)(L,L0Jf*"'/(W'^'). ^f^'^^: (3.6.1.2) 

I U, otherwise. 

Proof. Statement (1) is given in |77[ 7.6]. We only need to prove (2). We first 
observe from the proof of [58[ Lem. 1.11] that 

dA-dtA = ]^ i^ai^ -\Y^ iH'^ii) ■ 
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Let be the composition of the algebra homomorphisms 

where is the anti-involution on S^{n,r) given in f l3.1.3.4p . Thus, induces a map 
Tr ® id : Cg{'3^ X W) — )■ Cg(^ X "S^). Applying this to the characteristic function xa 
of the orbit in ^ x ^ and noting fl3.1.0.ip yields 

(r, ® id)(xA)(L,L') = g5('^^-'^*J;^,^(L,L') = q-^^^^-''^^^XA{L' ,L) 

which is nonzero if and only if (L', L) G Oa- This implies ttij = dimp jj — hl'+^'pil- i ' 
Hence, by the proof of |58l 1.5(a)], dimf^L'J L^_{) = J^jez'^^J dim^{Lj/Lj_i) = 
J2i&z(^i,3- Putting 

6(L,L') = ^{J2 {{dun^m/LUr - E (dim.(L,/L._0)')), 

we obtain (r, ® id)(xA)(L, L') = g5''(L,L')^^(L', L). Hence, (r, ® id)(^)(L,L') = 

qH^^^''>g{L',L) for g G Cg(^ x ^). Taking ^ = (C ® id)(/) with / G H, and 
applying f l3.6.1.ip gives 

r |(6(L,L')-a(L',L)) f(T/T>) jf T ' c L" 

(r.®id)((cr®id)(/)(L,L') = r (3.6.1.3) 

I U, otherwise. 

For L' C L, we have 

E dimF(Li+i/Li)^ 

= J] (dimKL,+i/L:^J + dimF(L:+i/L:) - dimip(L,,/L:))2 

= 2 5] (dimr(L,/LO)^ + Yl idun,m^,/L[)r 

+ 2 E dimF(L,+i/L:+i)dimF(L:+i/LO 

-2 J2 dim4Li+,/L[^,)dim4Li/L[)-2 J] dimF(L^+i/L:) dimF(Li/L:). 

Hence, 6(L, L') - a(L', L) = -c(L, L') and (13.6.1. 2^ follows now from f l3.6.1.3p . □ 

For notational simplicity, we write A{j,r) for A{j,r) ® 1 in Si,{n,r) ®z C. By 
taking / to be q~'^'^^'^'~^^Xoj^ in (13.6. l.ip and (I3.6.1.2p . we obtain the following. 

Corollary 3.6.2. For A G e+(ra) and (L, L') G ^ x we have 

^-i(c(L,L')+dimOA)^ z/ L' C L and L/L' G D^; 



A(0,r)(L,L') 



0, otherwise 
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and 

^-i(a(L,L')+dimi)A)^ i/ L C L' and L'/L e Da; 



M(0,r)(L,L') 



0, otherwise. 



We now identify Sj/s^{n) as 'I}^{n)~^ and ^a(^)°'' as 5Da(^) via f l2.1.3.3p . Then (i^ 
induce Q(w)-algebra homomorphisms 

: 2>aH^ S^{n,r). (3.6.2.1) 

Theorem 3.6.3. For every r ^ 0, the map C,r '■ 2)a(?^) — > S/^^{n,r) defined in 
f l3.5.4.3p is the (unique) algebra homomorphism satisfying 

for all j = (ji, . . . ,jn) G Z" and A G 0^(n). In particular, we have ^r\^^{n)± = C^- 

Proof. Since SDaI'^) is generated by Kf^, 1 ^ i ^ n, together with semisimple 
generators m^^, A G N", where Ax = J2i=i KEf i_^_^- By Proposition I3.6.H it suffices 
to prove 

(l)er(^^) = 0(e„r), (2) U^A,) = CAx){0,r), and (3) ^(n+J = A,(0, r). 

To prove them, it suffices by Propositions 13.3.11 and 13.5.41 to compare the actions of 
both sides on coi = [A^] for all i G /a(^, t)o- 

Suppose i = i^. By fl3.5.0.ip . Ki ■ Ui = v^^'Ui. Since to{A') = ^, 03.1. 3.3p implies 
0(ej,r)[y4'] = w'^'fA']. Hence, 0(ej,r) ■ Ui = Ki ■ Ui, proving (1). The proof of (2) is 
given in |77l 8.3]. We now prove (3) for completeness. So we need to show that 

Ax{0,r) ■ Wi = M+ ■ Wi for all i G /A(n,r)o and A G N^. (3.6.3.1) 

The equality is trivial if cr(A) > r as both sides are 0. We now assume o"(A) ^ r 
and prove the equality by writing both sides as a linear combination of the basis 
{[^']}ie/A(n,r); cf. Re mark [3]3il 

By Proposition 13.3. H the left hand side of f l3.6.3.ip becomes Ax{0,r) ■ Ui = 
Ax{0, r)[A^]. We now compute this by regarding ^^(0, r)[A'] as the convolution prod- 
uct q~2'^'Ax{0,r) * Xi] see Remark 13.1.21 and compare [771 8.3]. By the definition 
fl3.1.1.2p . for j G Un, r) and A G N^, 

(AA(O,r)*Xi)(Lj,L0)= $^(^A(O,r))(Lj,L)xi(L,L0)= (Aa(0, r))(Lj, L), 

where Lj is defined in fl3.1.3.7p . and Oi = Oa^ is the orbit containing (Li,L0) (see 
also fl3.1.3.7p for the definition of L0). For L = (Lj) G ^ and (L,L0) G Oi, there is 
g E G such that (L,L0) = g(Li,L(i,). In other words, L = gLi and L0 = gL^,. The 
fact i G IJji,r)Q implies that for each t G Z, there exists G Z such that Li t = ^<li,it- 
(More precisely, if i = i'^ and t = s + kn with 1 ^ s ^ n, then It = /ii H — ■ + /i^ + fcr.) 
Thus, Lt = g{Li^t) = 5'(L0,iJ = L^^i^ = Li^t for any t G Z. This implies that L = Li. 
Hence, by Corollary 13.6.21 

{Ax{0,r) * Xi)(Lj,L0) = (A,(0, r))(Lj, Li) = g-iWJ.i)+dimO,,)^ 
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if and only if Li C Lj,Lj/Li = M{Ax), where c(j,i) = c(Lj,Li). The latter is 
equivalent by definition to the conditions 

{k e Z \ ik ^ t} C {k e Z \ jk ^ t} C {k e Z \ ik ^ t + 1}, and diniF ^,t/1^i,t = k, 
for all t eZ. Hence, 

LiCLj,Lj/Li = M(AA) 
^^it -1 ^jt<it and Xt = \r^{t) H i"^(t + 1)| for alH G Z 
<^==^j = i — m and A = mief^_^ + ■ ■ ■ + mref^_i for some rris G {0, 1}, 
since, for all s G Z, 

m, = 1 ^ J, = - 1 ^ s G Uez(j"'(t) H i'^t + 1)). 

Here, m G Z^ is uniquely determined by {mi, 1712, . . . ,Tnr) G Z^ and G Z^ corre- 
sponds to Cj = (5fc,i)is:fcs£r under fll.l.0.2p . (Note that i — m G IJji,r) if i G IiJji,r).) 
Since dimD^^ = (see, e.g., (1.6.2)]), we obtain, for i G IJji^r)^ and A G 



where 971 = {m G Z^ | mj G {0, 1}, A = mief^_^ + ■ ■ ■ + mref^_^}. Hence, 

Aa(0, r) ■ = ^ ^-c(i-m,i)-di+di_^ j^i-mj (3.6.3.2) 

mSOT 

We now calculate the right hand side of (13.6.3. ip . By Corollary 13.5. 7[ 
uX-uJi = ul- {uji^ O ■ ■ ■ ® cui J = ^ ® ■ • • (g) Wi,-™,. 

where 

c'(i,m) := J^mt(l -m,)(ef^,ef^) = ^ mt(l - m,)(5i,_i^ - rf(i, m), (3.6.3.3) 

t<s l^t<s^r 

with (i(i, m) = X]i!jt<ss:r "^*(-'- ~ ''^s)%,i7+T- To make a comparison with fl3.6.3.2p . 
we need to write Ui-m '■= ^h-mi ® ■ ■ ■ ® oJi^^mr as a linear combination of the basis 
{[AJ]}jg/^(„,r)- For i G lA{n,r)o, order the set 

{teZ\l^t^r,it = l,mt = l} = {h,t2,...,ta} 

by ti < t2 < ■■■ < ta- Then, by definition, uJi-.mXf^^X^^---Xf^^ = wj, where 
j = i — m + n{e^^ + e^^ + ■ ■ ■ + e^^) G I{n, r). By Proposition 13.3.11 (see also Remark 
[3321), = [A^]- Thus, 

u,.^ = uj.,X,X,^^, ■■■X,, = [Ai]X,^X,^^, ■ . ■ X,, 

Since Tp-i = Tr—i ■ ■ ■ T2T1X1, it follows that Xk = T^^ ■ ■ ■ Tjr}2T~\Tp-iTiT2 ■ ■ ■ Tk-i, 
for 1 ^ k ^ r. Now, by Proposition 13.2.10] and noting T^~^ = Tt^ — {v — v~^), 



-1 



V i[y4j^*«], if n = jt^ =X+i; 

li n = > ]t,+i. 
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Thus, a repeatedly application of Proposition 13.2.101 gives 

where b = \{s ^ Z \ ta < s ^ r, ig = n, = 0}|. Since 1 ^ ii ^ ■ ■ ■ ^ i,. ^ n, it 
follows that 

b = \{s E Ij \ 1 ^ s ^ r, is = n, rUg = 0}|. 

If j' = }st, ■ ■ ■ Sr-i,]" = ]st, ■ ■ ■ Sr-iP~\ then jl = n and so = = < j^' for all 
2 ^ k ^ r. The last inequality is seen from the fact that {jX'Izscfcsgr = {jfc}is;fc^r-i 
contains only positive integers. Applying Proposition 13.2.101 again yields 

Hence, [A^jXt^ = v^^lA^^"'^*"]. Continuing this argument, we obtain eventually 
tdi-m = v-''''[A'-"'], where 

ab = \{{s,t) E Ij^ \ 1 ^ s,t ^ r, is = n, nis = 0, if = 1, rrit = 1}| 

= ^ mt{l - ms)Si^^n5it,i = ^ mt{l - ms)Si^^n5it,i = d{i,m), 



since ifl^t<s^r and it = is + ^ then is = n and it = 1. Therefore, we obtain 



meOT 



Comparing this with f l3.6.3.2p . it remains to prove that 

d{i, m) + c'(i, m) = c(i — m, i) + rfi — di^^. 
The number c(i — m, i) = c(Li_in, Li) is defined in fl3.6.0.2p . Since 

dimLi,i+i/Li,i = \i'^{i + 1)| = ^ %^i+T and Aj = ^ "^^'^il^rj for i G Z, 
it follows that 

;i-m,i)= "Y \i+i{\i-\i + 1)\ - \i) = ^ m((l-m,)5— 



c 



- ms)5i,-i^i^{l - Si^^n) + d{i,m). 



Hence, 

c(i-m,i)-c'(i,m) = 2d(i,m)+ ^ mt{l-ms)5it-i,i,il-5i,,n)- ^ mj(l-mJ5i^,i,. 



On the other hand, for any i G IJji,r), d\ = |lnv(i)| by Lemma [3.1.4[ Observe that 
the set 

X := {{s,t) E C \ is ^ it + ^} ^ {{s,t) E C \ is = it, rris = nit or nis = 0, = 1} 
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is the intersection Inv(i — m) fl Inv(i), where L = {{s,t) G | 1 ^ s ^ r, s < t}. 
It turns out that Inv(i — m)\X = G £ | + 1 = it, = 0, = 1} and 

Inv(i)\X = {(s, t) G £ I is = it, mg = 1, = 0}. Hence, 

tez, s<t tgz, s<t 

Since nia+r = K+r = ia + n, for all a G Z, and i G /a(^, r)^, it follows that ig 7^ i*, 
for all 1 ^ s ^ r, t > r , and it = n + 1 <^==^ i^/ = 1 for some 1 ^t' ^ r with t = t' + r. 
Thus, the above sums can be rewritten as 

di-m-di= ^ mt{l - ms)6it^i^+i{l - 6i^^n) 

= c(i — m, i) — c'(i, m) — c?(i, m), 
as required. □ 



3.7. Triangular decompositions of afRne quantum Schur algebras 

In this section we study the "triangular parts" of SJji,r). We first show that 
S/J(n, r) admits a triangular relation for certain structure constants relative to the 
BLM basis. This relation allows us to produce an integral basis from which we obtain 
a triangular decomposition. We will give an application of this decomposition in 
the next section by proving that the algebra homomorphism : ~^ ^Jj^i 

defined in §3.4 is surjective. 

Keep the notation in the previous sections. We will continue to use convolution 
product to derive properties or formulas via the isomorphism mentioned in Remark 
13.1.21 Thus, when the convolution product * is used, we automatically mean the 
affine quantum Schur algebra is the algebra St~in, r)^ with R = Z[y/q, y/q^^] obtained 
by specializing v to y^, for a prime power q, and is identified with the convolution 
algebra Rg{'3^ x '3^). The following results are taken from [58] . 

Lemma 3.7.1. Let A = {aij) G Oa(^, r) and let (L,L') G Oa where L = (Lj)jgz and 

(1) A is upper triangular if and only if L[ C Lj for all i. 

(2) A is lower triangular if and only if Li C L- for all i. 

(3) dim(Li/Li_i) = EfcGZ«i,fc' dim(L^/L^) = Efcgz«fc,i- 

^^"^ (^^^) = ^s^^,t^j (^s,t, dim (l-^) = Es^i,t^j <^s,t. 

For A G il4,„(Z), let 

if i < j; 
if i > j. 
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For any fixed Xq G Z and i < j, it is easy to see that there are two bijective maps 
{{b,s,t) e Z'^ \s - bn ^ i < j t - bn, s e [xo + 1, xq + n]} — > {{s,t) e \ s ^ i,t ^ j} 

(6, s, t) I — > (s — bn, t — bn) 
{{b,s,t) eZ^ \t-bn < j ^ s -bn,s e [xq + l,xo + n]} — > {(s,t) eZ^ \ s ^ j,t ^i} 

(6, s, t) I — )■ (s — bn, t — bn). 
Thus, we obtain an alternative interpretation of (Jij{A): 



^ as,t\{b EZ\s — bn^i<j^t — bn}\, if i < j; 



s<t 



J2 o.s,t\{b EZ\t — bn^^jKi^s — bn}\, if i > j. 



s>t 



In particular, <Jij{A) < oo. 

Further, for 'a,B e A4„(Z), define (see [231 §6]) 

B aij{B) ^ aij{A) for all i ^ j. {3.7 AA) 

We put B A if B ^ A and, for some pair (z, j) with i ^ j, crjj(_B) < aij{A). It is 
shown in [231 Th. 6.2] that if A,B e e+(n) satisfy d{A) = d{B), then 

B A B ^ A. 

In other words, the ordering =^ is an extension of the degeneration ordering defined 
in fll. 2.0.81) . 

For A G Q^{n), write A = A+ + A^ + A' = A^ + A°, where A+ G 6^(^), 
A~ G Q^in) := {'^B \ B e <d^{n)}, A^ = A+ + A- , and A° is a diagonal matrix. 

Lemma 3.7.2. Let A G 6^(n) with a{A) ^ r. 

(1) For ^ G K^{n,r - ct{A+)), v G k^{n,r - cr(v4")), ij 

+ diag(/i)] * [A- + diag(z/)])(L, L") ^ 0, 

inhere (L, L") G (9^ /or some B G OaI'^)? ^/^en S ^ A. 

(2) For\^K^[n,r-a{A)), z/ (L, L") G +diag(A); then 

IJ {L' G ^A I (L, L') G OA++diagM, (L', L") G OA-+diagH} = {L H L"}. 

(iSAa (n,r — ct(A+)) 
i'6Ai(n,r-CT(A-)) 

Proof. (1) Since ([v4++diag(/x)]* [v4-+diag(j/)])(L, L") ^ 0, there exists L' G 
such that (L,L') G 0A ++diag(A) and (L', L") G OA-+diag(M)- Also, (L, L^Q G O^. 
Hence, by Lemma [3.7.1( 1) and (2), L' C L and L' C L", and by Lemma [3.7.1( 4). 

{dim ( , /t', ) , ifi<j; [dim( ,-% ), if i < j; 

Therefore, L' C L n L" and 

fdim(^^)^0, if^<j; 
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Consequently, B ^ A. 
(2) If L' G satisfies 

(L,L') G 0A++diag{^)) (L', L") G Cyl-+diag(i/) 

for some /i G A/^,(n, r — o"(A^) and u G Aa(^, r — cr(A^), then L' C L fl L" as seen 
above. Thus, for alH G Z, 

dim ( ^^^^] = dim(L,/LO - dim ^ 



dim ( - — I — dim * 



= ^ cbs^t - ^ as,t = 0, 

by Lemma [3.7.1( 4) again. Hence, L' = L fl L", proving the assertion. □ 

Proposition 3.7.3. Let A G 0^(n). T/ien i/ie following triangular relation relative to 
-< holds: 

A+{0,r)A-{0,r) = A{0,r)+ ^ fcAC] {tnS^{n,r)) 

CeeA(n,r) 

= A(0,r)+ ^ gB,j,A;rB{},r) {inS^{n,r)), 

sse±{n) 

t(;/iere fc,A e 2^, fi'ijj,A;r e Q{v). 

Proof. Since the elements B{^,r) span S^{n,r) by Proposition 13.4. 1| the second 
equality follows from the first one. We now prove the first equality. 

Let = r"*" = cr(A"'") and = cr(yl^). There is nothing to prove if > r. 

Assume now ^ r. By fl3.Ll.ip . 

A+(0,r)A-(0,r)= 5^ ^ [A+ + diag(/i)][A- + diag(z/)] 

/x£A(n,r— r+) i/gA(n,r— r~) 
CG0A{n,r) /^'^^ 



CGeA(n,r) 



where 



AiGA^ (ri,r — r+) 
i^£A^ (ji, r — r~) 



If /c,A 7^ 0, then PA++diag(M),A-+diag(i.),c 7^ for some fi, v as above. Thus, by defini- 
tion, there is a finite filed F of g elements such that 

PA++diag(^t),A-+diag(i/),c|D2=g = nA++diag(^t),A-+diag(!/),C;g 7^ 0, 
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where n a+ +diag{fi), a- +diag{u), C;q is defined in fl3.1.0.6p . By Lemma 13.7.2( 1). we con- 
clude C ^ A. We need to prove that fc^A = I if C = A + diag(A) for any 
. First, Lemma 13.7.2( 2) implies that there exist unique /i, u such 
1. Thus, 



A G A^(n, r — r^] 

that tT^++diag(/^),A-+diag(i^),A+diag(A);g — ^- ^ 

/A+diag(A),A = t;^-4+d'-(^)-'^A++diag(.)-'i^-+diag(.). (3.7.3.1) 

Second, since dA+diag{x) = '^A++diag(^()+'^yi-+diag(y) by a direct computation (see Lemma 
I3.10.2p . we obtain /yi+diag(A),A = 1- Finally, since ^ is a partial ordering on Q^{n) by 
[23i Lem. 6.1], we conclude that 

A+(0,r)A~(0,r) = A{0,r) + g, 

where 5^ is a 2^-linear combination of [C] with C G Oa('^, and C -< A. □ 

We now use the triangular relation to establish a triangular decomposition for the 
Z-algebra SJji.r). 

Consider the following 2-submodules of SJji, r) 

5A(n,r)+ = span2{A(0,r) | A G e+(n)}, 

SJji,r)~ = span2{A(0,r) | A G 6^(n)}, and 

S^{n,r)° = span2{[diag(A)] | A G A^{n,r)}. 

As homomorphic images of Ringel-Hall algebras (see Proposition 13.6.11) . both 
<S/\{n,r)~^ and S/s^{n,r)~ are Z-subalgebras of S/s^{n,r). It can be directly checked 
that S^{n,r)^ is also a Z-subalgebra of S/s^{n,r). Moreover, iSA(n,r)° is isomorphic to 
the zero part of the (non-affine) quantum Schur algebra. We will call the subalgebras 
S^{n,r)~, 5A(n, r)° and S^{n,r)~^ the negative, zero and positive parts of SJji.r), re- 
spectively. The next result shows that all three subalgebras are free as ^-modules. 
Recall the notation introduced in (11. 1.0. 61) . 

Proposition 3.7.4. Let ti = 0(ej,r), 1 ^i ^n. 

(1) The set {A{0,r) \ A G Q+{n),a{A) ^ r} (resp., {A{0,r) \ A G Q-{n),a{A) ^ 
r} ) forms a Z-hasis for SJji, r)^ (resp., SJji, r)~ ). 

(2) For A G Atin,r), 





















A„ 



[diag(A)] = h 

In particular, the set {[a | A G h.Jji,r)} forms a Z-hasis of SJji^rY . 

Proof. Assertion (1) follows from the definition of A{Q,r). To see (2), since 
e,[diag(/i)] = E.eA.(n,o^'"[diag(^)][diag(/i)] = t;^'[diag(/i)], by (|3TX3D, it follows 

that [^f] [diag(/i)] = [diag(/i)]. Hence, for A G AA(n,r), 



/2eAa(n,r) 



tA[diag(/i)] = ^ 







/in 






.A„_ 



[diag(/i)] = [diag(A)], 



as 



desiredH 



□ 



^In the literature, is denoted by kA or 1^. We modified the notation in order to introduce its 
preimage £,\ in 2)a('^); see (jS.l.l.ip . 
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As in §2.2, let 2)a(?t.)^ (resp., Sj^in)"^) be the Q(f )-submodules (resp., Z- 
submodules) of 2)a('^) spanned by for A E Q^{n). They are respectively the 
Q(f )-subalgebras and 2-subalgebras of 2)a('^)- The above proposition together with 
the results in §3.6 gives the following result; see Remark 12.2.111 

Corollary 3.7.5. For each s ^ 1, we have zf G Sjis,{n)~^ and G Sjis,{n)~ . 

Proof. We only prove zf G iOA(^)^- The proof for zj G iOA(^)^ is similar. 
By Proposition 13.6.11 and Theorem 13. 6. 3^ the restriction of '■ 2>a(^) <5A(n, r) 
gives an algebra homomorphism 

C : 2)A(n)+ 5A(n,r) = EndK,M(n®^) 

taking u\ t-^ A{0, r) for A G ©a (^)- Write 

AGe+{n) 

where all but finitely many G Q(f) are zero. By f l3.5.4.4p . we have z+(f2®'") C fi®^. 
Hence, Cr^(z^) G End^^(,.)(n®'") = Si^{n,r); see Proposition 13.3.11 In other words, 

C(z+)= fAMO,r)= J2 /AA(0,r)G5A(n,r)+. 

Aee+(n) Aee+{n),a(A)s£r 

By Proposition |3T3(1), {A{0,r) \ A G &^{n),a{A) ^ r} is a Z-basis for Si,{n,r) + . 
Hence, JaEZ for all A G Q^{n) with 0"(y4) ^ r. Since r can be chosen to be an 
arbitrary positive integer, it follows that /a G 2 for all A G Q^{n). We conclude 
that z+ G ^a(^)^- □ 

We now patch the three bases to obtain a basis for S^{n, r). For A G ©a(^), define 

(cf. m) 

IMII ^ + , (Z-J)(2-J + 1) 

ll^ll = 2^ ^ «M + 2^ 2 

i<j i>j 

Lemma 3.7.6. For A G 0a(^); the equality 

i<3 i>j 

holds. In particular, if A,B G 0a(^) satisfy A -< B, then \\A\\ < \\B\\. 
Proof. By definition, we have 

E aij{A) = E as,t = E as,t I {(ij) \ s ^ i < j ^ t}\ 



s<t 



(t - s){t- s + 1) 

7^ ^s,t, 
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{s-t){s-t+l) 

2^ n ^s,t. 



The assertion follows from the definition of ||y4||. □ 
For A G 0a(^) and z G Z, define the "hook sum" 

(Ti{A) = ai^i + ^(oij + Oj- j). 

It is easy to see that (r{A) = J2ii^ii^n'^ii^)- Let 

CTiA) = iaiiA))iezeA^in,r) and = A+(0, r)^A)A-(0, r) (3.7.6.1) 
We now describe a PBW type basis for S/:,{n,r). 

Theorem 3.7.7. Keep the notation introduced above. There exist ^ E Z such that 

BeeA{n,r),B-<A 

Moreover, the set Vr '■= {p^ | A G Oa('^;''")} forms a Z-hasis for SJji,r). In particu- 
lar, we obtain a (weak) triangular decomposition: 

Proof. By the notational convention right above Lemma [3.7.2| if A G GA(n, r), 
then ai{A^) is the i-th component of co(A+) + to{A~) and 

[,(A)A-(0,r) = [diag(o-(A))]A-(0,r) = ^-(0, r)[diag(cr(A) + co(A-) - ro(A-))]. 

On the other hand, A'^{0, r)A^{0, r) = ^''=(0, r)+g, where g is a 2^-linear combination 
of [B] with B G OA(n, r) and -B -< A, by Proposition 13.7.31 Thus, 

p^ = A+(0,r)^^)A-(0,r) 

= A+(0, r)A~{0, r)[diag(o-(A) + co(A") - ro(A"))] 
= A^{0, r) [diag(o-(A) + co(A") - ro(A"))] + g' 
= [A^ + diag(cr(A) - (co(A+) + ro(A-))] + g' 

= [A] + g' 

where g' is the 2^-linear combination of [B] with B G Oa(^, and B -< A. Thus, the 
set Vr is linearly independent. To see it spans, we can apply Lemma 13.7.61 and an 
induction on ||y4|| to show that [A] is a 2^-linear combination of p^ with B G <d^{n,r). 
Hence, Vr forms a 2^-basis for S^{n,r). The last assertion follows from Proposition 
[3T:41 □ 
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3.8. AfRne quantum Schur— Weyl duality, I 

We now use the triangular decomposition given in Theorem 13.7.71 to partially 
establish an affine analogue of the quantum Schur-Weyl reciprocity. 

As in Remark [2X8]^4), for each m ^ 0, let S)a(«)^"''' (resp., denote the 

subalgebra of ^^{n) generated by ,u~ , Kf^ ,z~ (resp., ,u~ , Kf^) for i E I, 
1 ^ s ^ m (resp., for i G I, m = 0). Thus, 5Da(^)^°^ = UA(n). 

Theorem 3.8.1. Let n,r be two positive integers with 2. 

(1) The algebra homomorphism C,r '■ 2)a(^) ^A{n,r) is surjective. 

(2) // we write r = mn + mo with m ^ and ^ niQ < n, then C,r induces 
a surjective algebra homomorphism In particular, if 
n > r, then C,r induces a surjective algebra homomorphism U^in) ^^(n, r). 

Proof. (1) As in Remark r2.2.11l let i3A('^)^ (resp. i)A(^) ) be the Z-subalgebra 
of 2)a('^) generated by u\ (resp., m^) for all A G 9^(n), S)A(n)° the Z-subalgebra of 
2)a('^) generated by Kf^ and [^1'^] for z G / and t > 0, and set 

$)^{n) = ^A(^)+DA(n)°i0A(^)- = i0A(ri)+ ® S)A(n)° ®i0A(^)-. (3.8.1.1) 

By Theorem 13.6.31 and Proposition 13.7.41 C,r maps S^a^^Y onto S^in, rY for e = 
and DJjiY onto SJji.rY- Hence, maps D/Jji) onto SJji.r) by Theorem 13.7.71 
Taking base change to Q(f ) gives the required surjectivity. 

(2) By Proposition 11.4.31 'Z>iJji) is generated by uf ,u~ ,Kf^ ,ul^,u~^ {i E I, s G 
Z^). For each s ^ 1, the semisimple module Sss has dimension sn. Thus, if s > m ^ 
1, then dim 5*^5 > r. Moreover, in this case, we have by Corollary 13.5.71 that for each 

cui G n^'', 

uts-UJi = = ■ UJi- 

In other words, C,r{u^s) = = C,r{u^s) whenever s > m and m ^ 1. The assertion 
follows from the fact that 2)a(^)^™^ is generated by ,u~ , Kf^ ^u'^^,u~^ (i G /, ^ 
s ^ m); see Remark 12.2.8( 4). The last assertion follows from Corollary 13.5.81 □ 

Combining the above theorem with Corollar yJ3.5.7l yields the following result 
which can also be derived from [58' §4.1, Th 8.2]. □ 

Corollary 3.8.2. Suppose n > r. Then C,r '■ 2)a(^) <5A(n, r) induces a surjective 
Z-algebra homomorphism 

Or : UiJyn) — SA{n,r), 

where UiJ(n) is the Z-subalgebra of D^iji) generated by Kf^, \_^^^Y {ufY"^^ ^'^d 
{u~Y'^^ foriel and t, m ^ 1 (see ^2.2). 

Proof. By Proposition 13 . 7. 41 : 5DA(n) — )■ «SA(n, r) induces surjective 2^-algebra 
homomorphisms 

Cz ■ ^^i^)^ — > <SAin, r)+ and ^"^ : S^^in)' — > S^in, r)~. 

"'Lusztig constructed a canonical basis in §4.1 for Si^{n,r) and proved that those canonical basis 
elements labeled by aperiodic matrices form a basis for Ujji^r) :~ (,r{UtJyn)). 
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By |12l Th. 5.2], S^^in)^ is generated by (uf)^"^'^ and for i G /, m ^ 1, and sincere 
a G N". Since n > r, it follows from Corollary 13 . 5 . 71 that C^zi'^^a) — for all sincere 
a G N". Thus, C,^z gives rise to a surjective ^-algebra homomorphism 

where £a(^)^ is the Z-subalgebra of DA{n) generated by the (m^)'-™'-'. Similarly, we 
obtain a surjective ^-algebra homomorphism 

Or ■ '^Ainy — > SA{n,r)~, 

where ^^{n)' is the Z-subalgebra of 'Z^/xin) generated by the {u^Y"^\ By fl2.2.9.ip . 
we have 

The assertion then follows from the triangular decomposition of S/s^{n, r) given in 
Theorem 13.7.71 □ 

If 2; G C is not a root of unity, and T>^c{n) is the double Hall algebra over C with 
parameter z considered in Remark 12.1.4^ then we have an algebra homomorphism 
^r,c '■ 2)ac(^) Si,{n,r)c as given in fl3.5.9.ip . The proof of the theorem above gives 
the following. 

Corollary 3.8.3. The C-algebra homomorphism 

^r,c ■ 2)a,cH — > 5A(n,r)c 

is surjective. 

The above corollary together with [62^ Th. 8.1] shows the following Schur-Weyl 
reciprocity in the affine quantum case. 

Corollary 3.8.4. Let q be a prime power. By specializing v to y^, the S)a,c(^)- 
'Hjj')^-himodule Vlf.^ induces algebra homomorphisms 

Cr,c : Sa,c(^) ^ Endc(fir) C,c ■ ^A(r)c — > Endc(fir) 

such that 

Im(^r.,c) = Endn^(r)ci^cl = '5a(?^,'^)c and Im (^^c) = ^"^^^s^Mci^c'')- 

Remarks 3.8.5. (1) As established in §2.3, = U(0t„), the quantum loop 

algebra. Hence, induces a surjective algebra homomorphism U(0[„) — )■ ^^(n, r). 
Similarly, ^r,c induces an algebra epimorphism Uc(0t„) — S/^^{n,r)c. Here Uc(0t„) 
is the quantum loop algebra over C defined in Definition 12.3. which is isomorphic 
to S5a,c('^) by Remarks 12.3.7( 2): cf. Theorem 12.3.51 It would be interesting to find 
explicit formulas for the action of generators of U(g[„) on the tensor space $7®''. 

(2) In |79[ Th. 2], Vasserot has also constructed a surjective map from Uc(0t„) 
to the i^'-theoretic construction K'-'{Z)z of Si:,{n,r)c- It would also be interesting to 
know if \l/2 is equivalent to the epimorphism ^^.c, namely, if gr^^^z = f°^r,c under the 
isomorphisms / : Uc(0t„) ^/s,c{n) and gr : K^{Z)z ^ SA{n,r)c (see [321 (9.4)]). 

(3) By the epimorphisms and C,r,c, different types of generators for double 
Ringel-Hall algebras (see Remark 12.2.8( 1)) give rise to corresponding generators for 
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affine quantum Schur algebras. Thus, we may speak of semisimple generators, homo- 
geneous indecomposable generators, etc., for S^{n,r). See §§5.4, 6.2. 

We end this section with a few conjectures. 

In the proof of the surjectivity of in Theorem 13.8.1( 1). we proved that the 
restriction of to the free Z-module Di^{n) defined in fl3.8.1.ip maps onto the (inte- 
gral) algebra S/s^{n,r). Since the S)A{n) is generated by certain semisimple generators 
(see |12^ Th. 5.2(ii)]), it is natural to expect that the commutator formulas given 
in Corollary 12.4.81 hold in Di,{n). Naturally, if the following conjecture was true, we 
would call Di^{n) an integral form of Lusztig type for 2)a('T')- 

Conjecture 3.8.6. The 2-module DaI^) is a subalgebra of 2)a('^)- 

We make some comparisons with the integral form 2}a(^) for 2)/^,(n) introduced at 
the end of §2.2 and the restricted integral form discussed in [28[ §7.2]. 

Remarks 3.8.7. (1) Since the integral composition algebra Ca(^)^ is a .Z-subalgebra 
of the integral Ringel-Hall algebra i^A(^)^ which also contains the central generators 
by Corollary 13.7.51 it follows that 

S» C SA(r^) C (3.8.7.1) 

However, we will see in Remark 15.3.81 that the restriction to S)a('^) of the homomor- 
phism C,r in general does not map onto the integral affine quantum Schur algebra 
SA{n,r). Thus, 2)a(^) S)a('^), and we cannot use this integral form to get the 
Schur- Weyl theory at the roots of unity. 

(2) The restricted integral form [/^'^'^(gl^) is the C[f , f ~^]-subalgebra of U(gl„) 
generated by divided powers (xjj^"*), kf, [^f] , and ^ (see [28i §7.2]). If we identify 

'Dj^n) with U(g[„) under the isomorphism Su given in Theorem 12. 3. 5 [ f l2.3.1.ip implies 
that — = — G W.'^^igL) for all m ^ 1. Now the integral action of on the tensor 

space f l3.5.4.4p shows that ^ ^ Sa(^)- Hence, it seems to us that the restricted 
integral form U^^^{gij^) cannot be defined over Z = Z[f,f~^]. If it were defined over 
Z, it would not be a subalgebra of T)A{n). 

The surjective homomorphism ^^j. : T-L^ir)^ — t- Ends^^n,r)c{^c'^') fo'^ = a/^ was 
established by a geometric method. We do not know if the surjectivity holds over 
Q{v). Since both '■ 2>a(^) <5A(n, r) and ^r,c '■ 2)a,c('^) 'SA(n, r)c are surjective, 
the following conjecture gives the affine Schur-Weyl reciprocity over Q{v) and C for 
a non-root of unity specialization. 

Conjecture 3.8.8. The algebra homomorphisms 

C : ^A(r) End5,(„,,)(17^'-), C"c ■ ^A(r)c ^ End5,(n,.)e(^^r) 

are surjective, where base change to C is obtained by specializing f to a non-root of 
unity z E C 

With the truth of Conjecture 13.8.61 specializing v to any element in a field F (of 
any characteristic) results in a surjective homomorphism 2}a(?^) ® F — t- S^in, r) ® F. 
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It is natural to further expect that the affine Schur-Weyl reciprocity holds at roots 
of unity. 

Conjecture 3.8.9. The affine quantum Schur-Weyl reciprocity over any field F holds. 

3.9. Polynomial identities arising from commutator formulas for 

semisimple generators 

In this last section we will give an application of our theory. We use the com- 
mutator formulas in Theorem 12.4.3( 5) to derive certain polynomial identities which 
seems to be interesting of its own. 

For A e N2, set as in fll.2.U.7p 

n n 

= \iSi and A^ = Y, \El^+l ^ ^li^)- 



i=l 



i=l 



Then, l){Ax) = dimSx = (t{X) and M{Ax) = Sx- Furthermore, for X,a,f3 e N^, set 
^a,i3 to be the Hall polynomial (p^^^ ^ and 



A 




Ai 




A2 




An 


a 




ai 




a2 




On 



id. (EXZH)). 



Recall from f ll.l.O.Sp that, for A = (Aj), /i = (/ij) G N", A ^ means Aj ^ /Xj for all i. 
Recall also from fll.2.0.12p and f ll.2.0.9p the number and the polynomial a^. For 
semisimple modules, we have the following easy formulas. 



Lemma 3.9.1. Let A,a; G N" satisfy a ^ A. Then 

^A^ 
a 



(A,^ - Ai) and ax := 



n ' 



,2Ai 



In particular, ^x-a,a = K,x-a = 

We will also use the abbreviation for the elements 



Ai,Bi 



A2eej(n) 



E 



,,20(^2)^ A B 

^ ^A2'i^A2,Ai^M,Bi- 



A2Ge+{n) 

defined in (12.4.3. ip by setting, for A, /i, a, /5 G N", 



a,l3 



'fAxJ; and ^^^^ = ^^^^^ 



Aa,Af) 



Proposition 3.9.2. ForX,fi G andA,B G Q^{n), ifip^^j^^ onpj^'^^^ is nonzero, 
then there exist a, /3 G N" such that A = A^, B = Ap, X — a = fi — (3^0, and 

1 



a,l3 _ a,l3 



2<7(A-Q!)+Ei<,<„2(a,(a,-A,)+ft(ft-M>)) 



ClA- 
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PROOF. If either ^ or (^^f^^ ^ 0, then ^ or 7^ 

for some C. In either case, both M{A) and M{B), as submodules or quotient modules 
of a semisimple module, are semisimple, and A — d{A) = d{C) = /i — d(i?). Write 
A = Aa, B = Aj3 for some a, /3 G N". Then X — a = fi — (3 and so Oa-o = a^-/?. By 
the last assertion of Lemma 13.9.11 one sees immediately that 



A,B _ A.B 





'A" 








a 







-V 



2<7{A~a)+Ei^,<„2(a«{«»-A0+ft{ft-M«)) 



as required. □ 

Recall the surjective homomorphism : 5Da(^) — )■ <SA(n, r) as explicitly described 
in Theorem 13.6.31 For A,B E Q'^{n), let Xa,b '■= ^r{LA,B) and Ya,b '■= ^r{RA,B), 
where La b,Ra,b are defined in Theorem 12.4.3( 5). Then Xa,b = Ya,b- In fact, since 
these commutator formulas continue to hold in S)a,c('^) where v is specialized to a 
non-root of unity in C (see Remark l2.1.4p . Xa,b = Ya,b in SiJji.r)^- In particular, 
for each prime power g, by specializing v to ^/g, we will view both Xa^b and Ya^b 
as elements in the convolution algebra Cg(^ x '3^) = 5a(?2, r)c. In this case, denote 
Xa,b and Ya,b by X\^ and V^^, respectively. Thus, we have X\^ = ^abi where 

X id(B)-d{Bi) * (*5i)(0,r) * Ai(0,r) 



= y^(d{B),d(A)> ^ ^Al^Bl^^^|^(d(iJ)-d(Bl),d(Al)) + (d(B),d(iJl))-d;^^-d^^ 



(3.9.2.1) 



x«d(iJO-d(B)*^(0,r)*(*Si)(0,r) 



with li = ir{Ki) = 0(ej, r) for any z G / and = nr=i ^ny a = (a^) G N^. 

In the following we are going to use the equality X\ b — ^1 b '^'^ derive some 
interesting polynomial identities. In the rest of this section, we fix the finite field F 
with q elements. As in §3.1, let '3^ = .^(g) be the set of all cyclic flags L = {Li)i^z 
of lattices in a fixed ¥[e, e~^]-free module V of rank r ^ 1. 

Lemma 3.9.3. For a G and (L, L') G ^ x ^, 

if L = L' and (L,L) G Cdiag(A) for A G AA(n,r); 



otherwise. 



Proof. Let A G A^{n,r). By Lemma ETTJ^l) and (2), (L,L') G Cdiag{A) 
if and only if L = L' and Aj = dim(Lj/Lj_i) for all i. Thus, if fia(L,L') 7^ 
0, then L = L'. Now we assume L = L' and (L,L) G Odiag(A)- Since 
5 = E;.gA.(n,r-)?^^'^'^"^'''"'''''^''1diag(/i)] aud [diag(/i)] = XOdiag(M)' ^Hows that 
«a(L, L) = = gi(«.^>. □ 
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For integers N,t with t ^ 0, let [^]^ 



n 



For e and 



(L, L") e ^ X ^, consider the subsets of ^ : 

X{a, L, L") := {L' e ^ | L, L" C L', L'/L ^ ,5;3, L'/L" ^ S^}, 
Y{a, L, L") := {V e^\L' C L, L", L/L' ^ L^'/L' ^ ,5^}. 

Here, L, L" C L' and L' C L, L" are the short form of L C L', L" C L' and V C 
L, L' C L", respectively. 

Lemma 3.9.4. For a,/3 e ^ and (L, L") e ^ x ^ , if X{a, /3, L, L") ^ or 
/3, L, L") ^ 0, i/ien + L'^ C L^+i n L^'^^ and (5i - dim((Li + L'l)/Li) = - 
dim((Lj + L'D/L'l) ^ for all i e Z. Moreover, in this case, 



|X(a,^,L,L") 
in«,AL,L") 



n 
n 



a. -dim{{U + L'D/L'l) I 

dim(L,nL'//(L,_i + L^i))T 
|[ ai-diYa{{Li + L'D/L'l) [ 



and 



Proof. If, as representations of A(n), both L'/L = {L'J Li, fi) and L'/L" = 
{L'jL'Dfl) are semisimple, then the linear maps induced from inclusion L'^ C 

L^^]^ are zero maps. This forces L'^ C Lj+i and C L^'^^ for all i. Hence, 



X(a,AL,L")^0 



and 

y(a,AL,L")^0 



■ 3L' e X(q;,^,L,L") 

f Li + L^' C C Li+i n L'D^ , for t e Z; 

[dim(L;/Lt) = A, dim(L;/L;') = at, for t e Z 

( Lt + L'l C C Li+i n L;'+i, for t G Z; 

<^ dim(L;/(Li + L'D) =l3t- dim((Li + LD/L^), for t e Z; 
[dim(L;/(Lt + L;')) = a* - dim((Li + L'D /L'D, for t e Z 

>3L'ey(Q;,^,L,L") 

'l'^ CLtC L;+i, dim(Li/L;) = at, for i e Z; 
L; C L;' C L;+i, dim(L'//LO = A, for i e Z 

'i^t-i C C Lt, dim(Li/L;) = a^, for t G Z; 
L;'_i C L; C L^ dim(L;'/L;) = A, for t G Z 

{Lt-i + L'D-^ CL'.CLtf] L'D for t G Z; 

dim(Lt n L'l/L'^) = at - dim((Lt + L'D/ L'D, for t G Z; 
dim(Lt n L;'/L;) = a - dim((Lt + LD/Lt), for t G Z. 



The rest of the proof is clear. 



□ 
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For any A = (Ai)jgz,/i = {fii)iez G N^, define polynomials in over Z: 



l^isjn 2 



^ + (Ai-;/i)(^i-!^i. 



n 



1=1 



/ 2_ ^ 

i=l 



We now prove that these polynomials occur naturally in the coefficients of 
Xa,b,Ya,b for A,B & Q'^{ny^ when they are written as a linear combination of 
ec, C G 0A(n,r). 

Theorem 3.9.5. For X,^ e N^', G AA(^,r) and (L, L") G ^a,x(9) x '^A,y{q), let 
A := A — 7 anc? := fi — 6 , where 

7 = (dim(L, + L';)/L':),ez, S = (dim(L, + L'l)/U),^^. 
//X^^^(L,L") ^ or Yl^{l.,l.") ^ 0, i/^en + L'/ C n L'^V^ /or a// ? G Z 

and A = yU ^ 0. Moreover, putting Zi = dim(Lj fl L'- / + L'-_^))) for all i & Z, we 
have in this case: 



gS _ 1 A,Z 

where fj = Xlisgisgn [Ai(Ai_i - Aj - ^i) - + A^)] + (/i, /i) + (5 + A, A). 

Proof. We need to compute the value of 03.9.2.11) at (L, L") for A = Ax, B = A^^, 
(hence, Ai = Aa and Bi = Ap). By Corollary 13.6.21 and Lemma r3.9.3[ and noting 
dim Da, = for z/ G N^, 

( * %{0, r) * A^{0, r))(L, L") = J] ( * %{0, r))(L, L')A„(0, r)(L', L") 



E 



i((/.-/3,x>-a(L,L')-c(L',L")) 



L'/L9^S^,L'/L"?^Sa 



where a(L, L'), c(L', L") are defined in fl3.6.0.2p . Thus, if X^^^(L,L") ^ or 



(L, L") 7^ 0, then some v^^'^A = V^a^a 0- applying the ffist assertion 



A,B 



of Proposition 13.9.21 yields 



^aV(L,L") 



A-a=M-;35;0 



X 



E 



l((M-/3,x>~a(L,L')-c(L',L")) 



L'eS^,L,L"CL' 
L'/L^So,L'/L"^Sq, 
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Similarly, 



A-a=M-/3^0 



X > i((/3-M,^>-a(L',L")-c(L,L'))_ 



E 



L'eS'.L'CL.L" 



If L' G ^ satisfies L, L" C L', L'/L ^ and L'/L" ^ then 

a(L,L') + c(L',L") = ^ - A) + E - 



Likewise, if L' e ^ satisfies L' C L, L", L/L' ^ S„ and L'VL' ^ 5^, then 
Li C L^^i and L^' C L^^^ for all i. Thus, {L[^-y/ L[) / {U/ L[) ^ L[^i/U and 
(Li+i/Li)/(L-+i/Lj) = Li+i/L-+i, and so dim(L-_^i/L-) = x^+i - a^+i + cti. Simi- 
larly, dim{L[^jL[) = yi+i - /3i+i + Pi. Hence, 

a(L',L") + c(L,L') 

= E A(dim(L:+i/L:)-A)+ E «m(dim(L:^i/L:)-a,) 



and consequently. 



i(^'^'Ac«"'^Aa-Eis;i^„ft(a:i+l-ft)-Ei^is;„ «i+i(2/i+i-a,)) 



A-a=^i-/3^0 

i((/.,/.) + (/3,/.-/3) + (/3,A> + (/.-Ax» 



X ^i((/.,A> + (;.-/3,a> + (/.,/3> + (/3-/.,x)) l, L")|. 



Thus, X^^^(L,L") ^ or y;f^^(L,L") ^ implies some X(a,/3,L,L") or 
/3, L,'l") 7^ 0, which implies, by Lemma IXITil + L'l C L^+i n L'l^^ for all 
? and /3 — 5 = q; — 7^0. The latter together with A — a = /U — /3^0 implies 
A - /2 = (A - /i) - (7 - 5) = (a - /3) - (7 - 5) = and A = A - 7 ^ a - 7 ^ 0. So 
we have proved the first assertion. 

It remains to simplify X^^(L,L") and Y^^^(L,L") under the assumption that 

Li + L'l C Lj+i nL^'^^ for all i and A = /i ^ 0. First, putting Zi = dim(Lj flL^'/ (Lj_i + 
L'U))), LemmaESaigives /3, L, L")| = Ui^^^n L'-^l • Second, for a, /3 G 
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satisfying A — « = /! — /3^0, Lemma [3.9.11 and Proposition 13.9.21 imply 



a,|J^„\A^~''■'Aa-''■'A»-T,l^i^„M^i+l-(^^)-J2l^i^„ ai+iivi+i-ai)) 



I Aut(SA-, 



q2 Ei^i^„[(ft-^?+"i-a|)-/3i(xi+i-/3,)-ai(yi-ai_i) 



i Z]i^i^„("i{"i+"i-i-2Ai-j/i)+ft(2ft-2/ii-a::i+i)) 

|Aut(5A-.)| ■ 



since 2Ai — + /3j = A, + /Xj for all z. Hence, 



k Z;i<i<„["i("i+"i-i-2Ai-yi)+ft{2ft-2/ii-a;i+i) 



X q 



A-a=/i-/3^0 

i((M,M)+(/3,M-/3)+(/3,A) + (M-/3,x» 



n 



I Aut(^A-a) 



Here we implicitly assumed a ^ 7 (or equivalently, /3 ^ 5). Setting u = a — 'j = (3 — S 
gives 



X^_^(L, L") = g5 Ei^.^„{A,+M.) ^ 



I Aut(5 



A-7-i/J 



n 



where 



/i/ = ^ ((7i + + + li-i + Vi-i - 2\i - yi) + {5i + z/i)(2(7i + - A^) - Xi+i)) 



+ (/i, /i) + (5 + z/, A - (7 + z/)) + (5 + z/, A) + (A - (7 + z/), x) 



(3.9.5.1) 



for V G N" with ^ z/ ^ A. Similarly, 
y;f_^(L, L") = glEi^.^„(A,+^0 ^ 



I]l^i^„("»{"i+"i-i-2A,-j/,)+ft{2ft-2/i,-a::,;+i)) 



I Aut(S 

Zi 

(-^i 7i 



A 



5 Ei<;i<:„(Ai+/i' 



|Aut(5 



A-7-J/J 



n 



where 



fi-v = ^ ((7i + + + li-i + ^i-i - 2Ai - i/i) + {5i + z/i)(2(7i + z/i - Aj) - Xi+i)) 
+ (/X, A) + (A - 7 - z/, 7 + z/) + (/i, (5 + z/) + (7 + z/ - A, x). 

(3.9.5.2) 
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Simplifying fj^ — fy and f\ — Qy and substituting, we obtain by Lemma 13.10.31 



5 



05Ei^,^„(A,+/.,) + i/A ~ ^ lAutf^T Jl 



O^i/^A 



where 



n 



|Aut(Sj_J| 

Further simphfication by Lemma [3.9. we obtain 



^ = -= — - — — n ^ n 



A, 



LL JJ g 



Thus, 



Xl^{L,L") = gl(/A+Ei^.^„(A,+M,+A.-A?)) -Q _]_ . g 

l^ssJAj 

y^«^^(L, L") = g5(/A+Ei^.^„(A,+;.,+A.-A2)) "Q _]_ . g/^ ^ 

l<i<n ^ 



A, 



5 



where, for p,.,A(g) = g^i^'^"^ '2 []^^.^^ 



OsSf^A 



OsSf^A 



Finally, it is clear to see that P<r = and = . 
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The fact that is an algebra homomorphism gives immediately the following 
poljTiomial identity. 

Corollary 3.9.6. For any X = {Xi)i^z, 1^ = (l^iUz G N^, PxA^^) = P'xA^^)- 

Proof. If /i = 0, then the equality holds trivially. Now suppose /i 7^ and set 
r = Yl^=i f^i- Let F be a finite field with q elements. By Theorems 13.6.31 and 12.4.3( 5). 
we have X^^^,(L,L") = Yl^,{L,L) for all X, fi' and (L,L"). Take L = (Li)^^^ e ^ 

such that dimLj/Lj_i = /ij for all i E Z, and L" = L (thus, A = A = /i = //'). 
Applying Theorem 13.9.51 to the equality X^;^(L,L) = Y^;^(L,L) gives the equality 

Remarks 3.9.7. We point out that the polynomial identity Px^^{v'^) = P'x ^(^^) for all 
A, /J, is equivalent to the fact that the algebra homomorphisms : — )■ Si,{n, r) 
constructed by Varagnolo and Vasserot [77] (see fl3.6.2.ip ). which have easy extensions 
Cr° : 2)A(n)^° <SA(n, r) and 0^ : 2)A(n)^° S^{n,r), can be extended to an 
algebra homomorphism 2)a(^) ^ ^A{n,r). 

In fact, there is an obvious linear extension which is an algebra homomorphism 
if and only if preserves the commutator relations in Theorem 12.4.3( 5) on semisimple 
generators (see Lemma [2.4.ip . This is the case by Theorem 13.9.51 if P\^^{q) = P'xf^iq) 
for every prime power q and A, /i. 

Problem 3.9.8. Give a direct (or combinatorial) proof for the polynomial identity 
PxAv') = P'xAv')- 

3.10. Appendix 

In this Appendix, we prove a few lemmas which have been used in the previous 
sections. The first one reflects some affine phenomenon for the length of the longest 
element Wo,a of &x- This is used in the proof of Corollary 13.2.41 

Lemma 3.10.1. For X G A^{n,r) and d G 2)^, let 

Y = {{s,t) el? \ l ^ d'\s) ^r,s <t,s,t e for some k e Z} 
Z = {{s,t) eZ^ \ 1 ^ s ^r,s <t,s,t e for some l^k^n}. 

Then \Y\ = \Z\ = i{wo,x). 

Proof. For a e Z let Y^ = {b e Z \ a < b, a, 6 G -R^ for some k G Z}. We first 
claim iFaJ = lYaJ whenever ai = 02 mod r. Indeed, write a2 = ai + cr and assume 
ai G R^ (see (I3.2.1.4|) l Then 02 G Rk+cn- By definition, 

Ya2 = {b e Z \ a2 < b, be Rk+cn} = {b e Z \ ai < b - cr, b - cr e R^}. 

Hence, there is a bijection from Ya^ to Y^i defined by sending b to b — cr, proving the 
claim. 

Since the remainders of d{i) when divided by r are all distinct and 

y = U ms),j)\jeY,^,)}, 
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it follows from the claim that 

= ^ \{t eZ \ s <t, s,t e for some k G Z}| 
= \Z\=i{wo,x). 



□ 



The next lemma is used in the proof of Proposition 13.7.31 
Lemma 3.10.2. Keep the notations A, A'^ , A~ , X, fi,!/ used in (13.7.3. ip . We have 

'^A+diag(A) = 'J^A++diag{^t) + d A- +dia,g{u) ■ 

Proof. Recall from Lemma 13.7.2( 2) that /x, u are uniquely determined by the 
conditions 

(L, L') G CA++diag(At) and (L', L") G CA-+diag{!/), 

whenever (L, L") G CA+diag(A) and L' = L fl L". By Lemma 13.7.1( 3). for i G Z, 
Ai + E = dim(Li/Li_i) = /i^ + ^ a^^fc, 

k,k^i k,i<k 

Ai + E = dim(L-7lv-'_i) = + E 

k,kyti k,k>i 

Thus, /Xj = Ai + 'Ylik<i'^i,k and z/j = Aj + X]fc<i'^fc,i for all i. Moreover, since for such 
/i, z/, 

'^A+diag(A) = E] (^i,j(^k,l + E] Ajflfc,; + AfcOj 



l^i^n l^i^n j<k^i 



'^A++diag(/i) — E (^i,j(^k,l + E 



f^iO-k,!, 



1 ^ i ^ n ^5'*^? 
k;j < I 
i < j;k < I 

Q-ijO-k^l + E] AjOfc,/ + E^ Q'i,jQ'k,h 
l^i^n l^i^n 1 ^ j ^ n 

k;j < I fc ^ i < / 

i < j;k < I i > j 



dA-+dia.g{iy) — E/ (^i,j'^k,l + 



j<k^i 

k;j <l 
i> i\k> I 

~ E/ (^i,j(^k,l + AfcOjj + 0'i,jO'k,l, 

1 sin Ki^n 1 ^ i ^ n 

j<k^i 

k;j <l j < I (^i 

i > j;k > I k < I 
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it follows that 



'^yl+diag(A) ~ dA++diag{fj.) ~ C^A" +diag(i/) 

i ^ k, j < I i ^ k] j < I 

i < j,k < I i > j;k > I 



— 0.i,j(^k,l ~ 


0'i,j0.k,l 




1 ^ i s£ n 






A; ^ i < i 


j <l^i 




i > j 


k < I 




0'i,jO'k,l — 






1 ^ j ^ n 


1 sin 


1 ^ « ^ n 


j > fc, j < i 


k f^i < I 


j <l^i 


i> j,k < I 


i > j 


k < I 


0, 







as required. □ 

Let /iyjS'y be the numbers defined as in fl3.9.5.ip . fl3.9.5.2p . The following lemma 
tells a certain relationship between these numbers and is used in the proof of Theorem 
13X51 

Lemma 3.10.3. Maintain the notation in the proof of Theorem \3.9.5[ For any 

^ u ^ X, we have f^ = and 

fl - fv = -2 ^ 'XiZi + ^ 2vi{zi + \i + Ai+i -Vi- Vi+i) 



Proof. By definition, for ^ z/ ^ A = A — 7, 

= + + 7i-i - (7i + Ai) -Vi) - ^ ((^i + + (5 + yu, 7 + A) 

- (7j + + + li-i + Vi-i - 2\i - Vi) - ^ {6i + Vi){2{vi - \i) - Xi+i 

- (5 + z/, A - z/) - (5 + I/, 7 + A) - (A - z/, x) 

= (AiAi_i + Ai7i_i - \] - Ajt/j + 7iAj_i - Xi+{jli - ^i^i-i - Suf - Vi-^-i - UiUi-i] 

+ ^ (4z/jAi + UiVi - 26ih'i + 2(5iAi + z/jXi+i) 

+ (/i - z/, 7 + A) - (5 + z/, A - z/) - (A - z/, x) = /: + 
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where 



Since fi — X and 7i_i + 7i — — + + 5i = —2zi for all i e Z, we have 
fl= ^ -Vi + ^i + li- 7i+i - a^i) + 7iAi-i + ^^jAj+i 

IsCisCji 

= i^i(-(7i-i + ^i-yi-Xi + Si-i + Si) - 2vi - + 2Xi + 2Ai+i - 1/^+1) 

= X 2i/j(^i + Aj + Aj+i -Vi- Vi+i). 

Consequently, for ^ z/ ^ A, we obtain that 

fx- U = -2 X XiZi + 2z/i(2;j + Aj + Aj+i - i/^ - i^j+i). 

Since /I = A, for ^ z/ ^ A, we have 

9x-gu^ (Aj + 7i) (7j-i + Aj-i - 7i - Aj - yi) - XI ^'^^ + Ai)xi+i + (5 + A, 5 + A) 



- + + 7i-i + + - 2Xi - Pi) 

- X + - Ai) - - (A - I/, 7 + i/) - (5 + A, 5 + i^) - (i^ - A, a;) 

where 

5'^ = X ~ '^i^i " ^iyi + 7iAi-i - 2x^+1 Aj + S^iAj - SiXi+i + + XjA,), 



+ 2XiVi+i - v^i+i - Vi^i+i - XiVi). 
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It is easy to check that for all i E 1j, 

7i_i + 2ji+i + Xi-yi- 2xi+i + 3Si - Si-i = -2zi+i. 

Therefore, 

g'v= ^ + 27i+i + Xi-yi- 2xi+i + 2>5i - 5i-i) = -2 ^ %Zi+i, 

g'l = ^ {-{li-i + 27i+i + Xi-yi- 2xi+i + 3di - di-i) 

- 2vi - Vi_i - i/j+i + 2Xi + 2Ai_i) 
= ^ 2ui{zi+i + Aj + Ai_i -Ui- i/j+i). 

Note that = f^. Thus, for ^ z/ ^ A, 

h- 9y = Qx - Qi^ = -'^ Ai2;i+i + ^ 2ui{zi+i + Aj + Ai_i - t/j - i/j+i). 
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Representations of affine quantum Schur algebras 

The quantum Schur- Weyl duahty hnks representations of quantum gl„ with those 
of Hecke algebras of symmetric groups. More precisely, there are category equivalences 
between level r representations of quantum gl„ and representations of the Hecke 
algebra of &r- This relationship provides in turn two approaches to representations 
of quantum Schur algebras. First, one uses the polynomial representation theory 
of quantum g[„ to determine representations of quantum Schur algebras. This is a 
downwards approach. Second, representations of quantum Schur algebras can also be 
determined by those of Hecke algebras. We call this an upwards approach. In this 
chapter, we will investigate the affine versions of the two approaches. 

Classification of finite dimensional simple (or irreducible) polynomial representa- 
tions of the quantum loop algebra Uc(0l„) was completed by Frenkel-Mukhin [28], 
based on Chari-Pressley's classification of finite dimensional simple representations of 
the quantum loop algebra Uc(sl„) [5|, [6]. On the other hand, Zelevinsky |85j and Ro- 
gawski [69] classified simple representations of the Hecke algebra 'HiJj')^- Moreover, 
Chari-Pressley have also established a category equivalence between the module cat- 
egory 7{^(r)c-mod and a certain full subcategory of Uc(st„)-mod when n > r without 
using affine quantum Schur algebras. 

We will first establish in §4.1 a category equivalence between the categories 
iS/x(n, r)][r-Mod and 'Hjj')^-\^oA when r (Theorem 14.1.31) . As an immediate appli- 
cation of this equivalence, we prove that every simple representation in SJji^ r)F-Mod 
is finite dimensional (Theorem 14.1.61) . We will briefiy review the classification theo- 
rems of Chari-Pressley and Frenkel-Mukhin in §4.2 and of Rogawski in §4.3. We will 
then use the category equivalence to classify simple representations of affine quan- 
tum Schur algebras via Rogawski's classification of simple representations of 'Hdj)^ 
(Theorem I03D- 

From §4.4 onwards, we will investigate the downwards approach. Using the sur- 
jective homomorphism ^r,c '■ Uc(0l„) ~^ <SA{n,r)c, every simple 5/x(n, r)c-module is 
infiated to a simple Uc(st„)-module. Our question is how to identify those infiated 
simple modules. We use a two-step approach. First, motivated by a result of Chari- 
Pressley, we identify in the n > r case the simple ^^(n, r)c-modules arising from simple 
^A(^^)c-modules in terms of simple polynomial representations of Ucid^n) (Theorem 
I4.4.2p . Then, using this identification, we will classify all simple ^^(n, r)c-modules 
through simple polynomial representations of Uc(st„) (Theorem I4.5.8p . Thus, all 
finite dimensional simple polynomial representations of Uc(0l„) are infiations of sim- 
ple representations of affine quantum Schur algebras. In this way, like the classical 
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theory, affine quantum Schur algebras play a bridging role between polynomial repre- 
sentations of quantum affine gt^ and those of affine Hecke algebras of &r- We end the 
chapter by presenting a classification of simple f4(n, r)c-modules (Theorem 14.6.51) . 

Throughout the chapter, all representations are defined over a ground field F with 
a fixed specialization Z ^ ¥ hj sending f to a non-root of unity ^ G F. From §4.2 
onwards, F will be the complex number field C. The algebras Uc(s[n) and Uc(0t„) 
are defined in §2.3 with Drinfeld's new presentation. For any algebra considered 
in this chapter, the notation j^-mod represents the category of all finite dimensional 
left ^-modules. We also use j^-Mod to denote the category of all left ■eZ-modules. 

4.1. AfRne quantum Schur— Weyl duality, II 

In this section we establish the affine version of the category equivalences men- 
tioned in the introduction above. As a byproduct, we prove that every irreducible 
representation over the affine quantum Schur algebra is finite dimensional. 

Recall from §2.2 (see footnote 2 there) the extended affine sin, UA(n), generated by 
E„ Fi, Kf subject to relations (QGL1)-(QGL5) given in Definition l2.2.3[ By dropping 
the subscripts ^ from \J[J(n), S^{n,r), and H-Jj"), we obtain the notations U(n), 
S{n,r), and 'H{r) for quantum quantum Schur algebras and Hecke algebras of 
type A. The algebras U(n), «S(n, r) and ?^(r) will be naturally viewed as subalgebras 
of Va^ti), «SA(n, r) and H-Air), respectively. Moreover, we may also regard U(n) as a 
subalgebra of S>a('^) = U(0[„). Let f4(n) be the Z-form of UA(n) defined in (12.2.9. ip 
and let f/(n), S{n,r) and 'H(r) denote the corresponding Z-ime subalgebras of UiJji), 
S^in, r) and 1-LiJyr). 

The tensor space VL®'^ over ^ is a [/A(n)-'HA(r)-bimodule via the actions (13.5.0. ip 
and (13.3.0.30 . where the affine l-iiJ(r)- a,ciio\i is a natural extension from the 'H(r)-action 
on n®'', where VLn is the Z-subspace of VL spanned by the elements (1 ^ i ^ n); 
see (I3.3.0.3p . Thus, fi^*" is a f/(r;,)-'H(r)-subbimodule of Q!^"^ by restriction. 

Lemma 4.1.1. There is a U{n)-'HA{r)-bi'module isomorphism 

(^n{r) n^ir) ^ x(^h^ xh. 

Proof. Clearly, there is a f/(n)-'HA(r)-bimodule homomorphism 

if : (]f ®n{r) Mr) ^ x®h^xh. 

Since the set {T^X'^^ ■ ■ ■ X"'' | w G &r, flj G Z, 1 ^ i ^ r} forms a Z-basis for 'Ha('"), 
it follows that the set 

X := {ui ® X^^ ■ ■ -X^^ I i G I{n,r), G Z, 1 ^ i ^ r} 

forms a Z-basis for ®H(r) 'H^ir). Furthermore, by (I3.3.0.3p . 

ifiUi ® ■ ■ ■ X;-) = CUiX^ ■ ■ ■ X^^ = a;i_„(ai,a.,...,a.), 

for all (oi, 02, ... , cir) ^ Z*" and i G I{n,r). Thus, the bijection (I3.3.0.2p from I^in^r) 
to 1/ = I{n, r) + nl/ implies that '^{X) = {ui \ i G I^in, r)} forms a .Z-basis for fl®'^. 
Hence, 99 is a f/ (n)-'HA(?")-bimodule isomorphism. □ 

For N = max{n, r}, let u G Aa(X, r) be defined as in (I3.1.3.ip . Thus, ii u = (ui), 
then = 1 for 1 ^ ? ^ r, and Ui = if n > r and r < i ^ n. Let e^j = ediag(a;)- 
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Corollary 4.1.2. If r, then there is an S{n,r)-'Hjj')-himodule isomorphism 

Proof. By the proof of Lemma 13.1.31 there is an Si^{n,r)-'HA{r)-him.odu\e iso- 
morphism Si,{n,r)euj = %{n,r). By Proposition 13.3.11 this isomorphism extends to a 
bimodule isomorphism 5A(n,r)e^ = fi®*". Now, the required result follows from the 
lemma above. □ 

We are now ready to establish a category equivalence. For the rest of this section, 
we assume ¥ is a (large enough) field which is a Z -algebra such that the image z G F 
ofv is not a root of unity. Thus, both 'H{r)f and S{n,r)f are semisimple F-algebras, 
and every finite dimensional U (n)F-module is completely reducible. Let iS/^(n, r)F-mod 
(resp., 'H^{r)f-mod) be the category of finite dimensional Si^{n, r)^-modu\es (resp., 
^A('")F-niodules). The following result generalizes the category equivalence between 
iS(n, r)]p-mod and 'H(r)F-mod (n ^ r) to the affine case. 

Theorem 4.1.3. Assume n ^ r. The categories S/^{n,r) f-Mod and T-L^{r)Y-Mod 

are equivalent. It also induces a category equivalence between S/s^{n,r)f -mod and 
H^{r)f-vr\od. Hence, in this case, the algebras S^{n,r)f and'Hjj')^ are Morita equiv- 
alent. 

Proof. The r)F-'H^(r)F-bimodule fif"' induces a functor 

F : H^{r)f-Uod S^{n,r)^-Uod, L ^ f]f ®n,{r), L. (4.1.3.1) 

Since n r, there is a functor, the Schur functor, 

G : 5^(n,r)F-Mod — > n^{r)v-Mod, M i — > e^M. 

Here we have identified Ci^S/s^^n, r)re^ with 'H/^^r)^- We need to prove that there are 
natural isomorphisms G o F = id-^^(r)p_Mod5 which is clear (see, e.g., |33t (6. 2d)]), and 
F o G = id5^(„^r)F-Mod- 

By the semisimplicity, for any iS(n, r)][r-module M, there is a left iS(?t,, r)]F-module 
isomorphism 

f:S{n, r)re^ ®n{r), e^M = M (4. 1.3.2) 

defined by f{x ® m) = xm for any x E S{n, r)]Fe^ and m G e^M. By Corollary I4.1.2[ 
04.1.3.21) induces a left S{n, r)]F-module isomorphism 

g : S^{n, r)^e^ ^n^r)^ e^M = M 

satisfying g{x ®m) = xm for any x E S{n, r)Fe^ and m G e^M. 

We now claim that g is an ^^(n, r)F-module isomorphism. Indeed, by identify- 
ing S/s^{n,r)f with S^{n,r) under the isomorphism given in Proposition 13.2.8] and 
considering the basis have e^j = 0^^^ and 

5A(n,r)Fe^= B.omn^^r)^{HA{r)f,xxHA{r)f)= 0i,^^A(r)F, 

AGAA(n,r) AgAa(n,r) 

where (pxuj ^ S{n,r)^. Since g{4>x^^rn) = (t>\^m, for all A G AA{n,r) and m G e^M, 
it follows that for any A G A^i^n, r), h E 'HA{r)f and m G e^jM, 

g{<P\,ujh 8) m) = g{(f)\^^ ® km) = (f)\^^{hm) = {4>\^h)m. 
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Hence, g{x ®m)= xm for all x G SiJ(n, r)Fe^ and m G e^iM. Thus, g is an SJji, r)^- 
module isomorphism. Therefore, for any M G SJji, r)]f-Mod, there is a natural iso- 
morphism 

F o G(M) ^ S^{n, r)^e^ ®^(,,), e^M ^ M, 

proving F o G ^ ^f^s^^M^-Uod- 

The last assertion follows from the fact that, if iV is a finite dimensional 'Hjj')^- 
module, then Lemma 14.1.11 implies that F(iV) = nf"" ®Hdr)v ^ ^^^^ finite dimen- 
sional. □ 

Remarks 4.1.4. (1) For F = C, a direct category equivalence from 'Hjj')£-mo6 to 
a full subcategory of Uc(0t„)-mod has been established in Th. 6.8] when n ^ r. 
The construction there is geometric, using intersection cohomology complexes. 

(2) See |80] for a similar equivalence in the context of representations of p-adic 
groups. See also |78] for a connection with representations of double affine Hecke 
algebras of type A. 

Following [8, 2.5], a finite dimensional U{n)]^-module M is said to be of level r if 
every irreducible component of M is isomorphic to an irreducible component of f^fp. 
In other words, a f/(n)F-module M has level r if and only if it is an iS(r;,, r)iF-module. 
We will generalize this definition to the affine case; see Corollaries 14.5.91 and 14.5.101 
below. Note that, since levels are defined for modules of quantum s[„ in [8, 2.5], the 
condition n > r there is necessary. 

Recall that a f4(n)F- module M is called of type i, if it is a direct sum M = 
©agZ"^a of its weight spaces Mx which has the form 

Mx = {x E M \ KiX = z^'x}. 

In other words, a f4(?7,)F-module M is of type 1 if it is of type 1 as a f/ (n)F-module. 

Theorem 14.1.31 immediately implies the following category equivalence due to 
Chari-Pressley [8]. However, a different functor is used in [8l Th. 4.2]. We will 
make a comparison of the two functors in the next section. 

Corollary 4.1.5. Ifn > r, then the functor F induces a category equivalence between 
the category of finite dimensional U/^{n)v -modules of type 1 which are of level r when 
restricted to U{n)v-modules and the category of finite dimensional 'Hjj')^ -modules. 

Proof. By Lemma [5.2.11 the condition n > r implies Si^{n,r)f = UiJji^r)^ is a 
homomorphic image of Ujji)^. Thus, level r representations considered are precisely 
SJji, r)F-modules. Now the result follows immediately from the theorem above. □ 

If ^ n, then there is a natural injective map 

~ : Q^{n) Q^{N), A = (0^,,) ^A= (Hi,,), 

where A is defined in (13.1.2.11) . Similarly, there is an injective map 

~:Z2 — ^Zf, A I — ^A, (4.1.5.1) 

where Aj = Aj for 1 ^ i ^ n and Aj = for n + 1 ^ i ^ A^. See the proof of Lemma 
[3X1 
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These two maps induce naturally by Lemma [3. 1.31 an injective algebra homomor- 
phism (not sending 1 to 1) 

i^r = i'n,N,r ■ ^^(n, r) — > S^{N,r), [A] I — > [A] for A e Q^{n,r). 

In other words, we may identify S/s^{n,r) as the centralizer subalgebra eSJ^N,r)e of 
StkN.r), where e = Y.x^A,in,r) <P\~y, = EAgA.(n,r) [diag(A)] G S^{N,r). 

Now, the fact that every simple module of an affine Hecke algebra is finite dimen- 
sional implies immediately that the same is true for affine quantum Schur algebras. 

Theorem 4.1.6. Every simple SJji,r)Y-module is finite dimensional. 

Proof. Let L be a simple ^^(n, r)F-module. By Corollary 13. 2. 9^ we identify the 
quantum Schur algebra S{n, r)^ as a subalgebra of SiJji, r)^. Thus, for any 7^ x G L, 
iS(n, r)fX C L is a nonzero finite dimensional 5(n, r)F-module. Hence, it is a direct 
sum of simple iS(n, r)F-modules. 

If n ^ r, then the Hecke algebra ^{r)^ identifies the centralizer subalgebra 
ea;iS(n, r)Feaj, where is the idempotent Thus, eu]S{n,r)fX is a nonzero 'H{r)f- 
module. We conclude that e^^L is a nonzero simple 'HA('^)F-niodule. Since every simple 
?^A(r)F-module is finite dimensional, the simple ^^(n, r)F-module L = Qf"^ ^HA{r)w ^oj^ 
is finite dimensional. 

If n < r, then, for N = r, S^{n,r)v = eSiJ^r,r)ve, where e = Z^Ae^n.r) '/'i 3;- 
follows that each simple SJji, r)]F-module is isomorphic to eL for a simple SJj", r)^- 
module L; see, for example, 6.2(g)]. As shown above, all simple SiJj", r)]f-modules 
are finite dimensional. Hence, so are all simple SJ(n^ r)F-modules. □ 



4.2. Chari— Pressley's category equivalence and classification 

We first prove that the functor F defined in fl4.1.3.ip coincides with the functor J-" 
defined in |8, Th. 4.2]. Then, we describe the Chari-Pressley's classification of simple 
Uc (sin) -modules and its generalization to Uc(0Jn) for later use. 

From now on, we assume the ground field ¥ = C, the complex number field, which 
is a Z -module where v is mapped to z with 7^ 1 jor all m ^ 1. 

Following [8], let E0 and Fg be the operators on fln,c defined respectively by 

EgUi = Si^nU^l and FgUi = Si^iUn- (4.2.0.1) 

Let Ke = Ki--- K^-i = K^^ = K^^Ki^ For a left n^{r) p-module M, define 

^(M) = fi®;^ 0nir)e M. 

^The Kq and Eq,Fq below should be regarded as Kn, Fn, respectively, if the index set 
/ = Z/nZ is identified as {1, 2, . . . , n}. 
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Then J^(M) is equipped with the natural action of [/(n)c-niodule structure induced 
by that on By [HI Th. 4.2], J^(M) becomes a f4(n)c-niodule via the action 

r 

Eo{w ® m) = ® (Xjm), 

r 

where w G ^^„C' ""^ 

e M and the operators Y}^ G Endc(fi®c) (1 ^ J ^ 

r) are defined 

by 

Hence, we obtain a functor 

J" : 'HA('^)c-mod — ^ f4(n)c-mod. 

When n > r, Chari-Pressley used this functor to estabhsh a category equivalence 
between 7{^(r)c-mod and the full subcategory of f4(r;,)c-mod consisting of finite di- 
mensional f/A(n)c-modules which are of level r when restricted to U (n)c-modules; see 
Corollary liXSl 

On the other hand, the algebra homomorphism ^r,c '■ ^a(^)c ^ '^^(n, r)c (cf. 
Remark I3.5.9I) gives an inflation functor 

T : 5A(n, r)c-mod — > f4(n)c-mod. 

Thus, we obtain the functor 

TF = T o F : 'HA(r)c-mod — > f4(r;,)c-mod. 

Proposition 4.2.1. There is a natural isomorphism of functors ip : TF. In 

other words, for any 'Hjj') p -modules M,M' and homomorphism f : M ^ M' , there 
is a Ujji)ic-module isomorphism 

ifM-J^{M)-^Tf{M), w®m\ — >w®i,m, 

for all w G fif^ ^'^^ m E M such that TF{f){pM = '^M'J^if)- Here (g) = ®^(r)c o'^c? 

Proof. We flrst recall from Remark 13.5.91 that the representation Ujjijc — )■ 
Endc(^^c') fectors through the algebra homomorphism ^.^^c '■ Ujji)^ — )■ SiJji^r)^. 
Thus, by Lemma [4.1.11 there is a [/(n)c-module isomorphism 

ip = ^M: J'iM) TF(M) 

w ®m I — )■ w ®i^m (for all w G C' ^ ^ 

It remains to prove that ip{EQ{uji®m)) = EoiuJi^ijn) and ip{Fo{uji®m)) = Fo^Ui^/^^m) 
for all i G /(n, r) and m G M. 
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By the definition above, for i G /(n, r) and m G M, 



(p{Eo{coi ® m)) = (^(^(F+Wi) ® (Xj-m)) 



r 



(4.2.1.1) 



i=i i=i 
wfiere, by fl4.2.().ll] and flH.H.O.HD . 



(4.2.1.2) 



On tlie otlier liand, Eq acts on fi®*" via the comultiplication A as described in Corollary 
12X71 Since 

this together with (13.5.0.11) gives 

■r 

= i2{Y;u,)x, 

(Note that, for 1 ^ i,j ^ n, the values Sij is unchanged regardless viewing i,j as 
elements in Z or in / = Z/nZ.) Hence, by (I4.2.1.ip . 

Eo(p{ui (g) m) = EoUi ®A m = (p{Eo{ui ® m)). 

Similarly, we can prove that for i G I{n, r) and m G M, 

r 

= (p{FQ{uJi ® m)), 

as required. The commutativity relation TF(/) o y?^^ = i_p^p o J^{f) is clear. □ 

We now recall another theorem of Chari-Pressley which classifies finite dimen- 
sional simple Uc(5tn)-iiiodules and its generalization by Frenkel-Mukhin to the clas- 
sification of finite dimensional irreducible polynomial representations of Uc(0t„). 

For 1 ^ j ^ n — 1 and s G Z, define the elements J^^j^g G Uc(st„) through the 
generating functions 
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Here we may view ^f{u) as formal power series (at or oo) with coefficients in 



Uc(sln)- Note that these elements are related to the elements used in the definition 



of Uc(s[„) (see Definition 12.3.1( 2)) through the formula 



(For a proof, see, e.g., [HI P- 291]. )@ 

For any polynomial f{u) = ni<i<m(-'^ ^ ^i"^) ^ *^['"] with constant term 1 and 
Oj G C*, define f^{u) (so that f^{u) = f{u)) as follows: 

f\u)= n (4.2.1.4) 

Note that f-{u) = (nti(-a,M)-^)/+(M). 

Let be a finite dimensional representation of Uc(s[„) of type 1. Then V = 
©agZ"-iKx and, since all H^i^g commute with the kj, each Vx is a direct sum of gener- 
alized eigenspaces of the form 

Vx,^ = {xeVxl {^^,s - li,sYx = for some p {1 ^ i ^ n - 1, s e Z)}, (4.2.1.5) 

where 7 = (7^,^) with 7^,^ e C. If we put Tf{u) = Z^^^o 7j,±sM^^ then by [29l Prop. 1], 
there exist polynomials fi{u) = Yli^j^^^{l - aj^iu) and gi{u) = Yli^j^^S^ - bj^iu) in 
C[m], such that 

r±(M) = 4brT and Xi = mi-n,. (4.2.1.6) 
9i (m) 

Following [6^, 12.2.4], a nonzero (/x-weight) vector w G is called a pseudo-highest 
weight vector, if there exist some Pj^g ^ C such that 

for all 1 ^ j ^ n — 1 and s G Z. The module V is called a pseudo-highest weight 
moduli iiV = Uc(s[n)w for some pseudo-highest weight vector w. 

For notational simplicity, the expressions ^j,sW = Pj,sW for all s G Z will be 
written by a single expression 

^p{u)w = Pf{u)w G V[[u,u-% 

where 

Pf{u) = Y,P,,±sU^^ (4.2.1.7) 

Let V{n) be the set of (n — l)-tuples of polynomials with constant terms 1. For 
P = (Pi(m), . . . , Pn-i{u)) G V{n), define Pj^s G C, for 1 ^ j ^ n — 1 and s G Z, as in 
(«) = i2s^oPj,±sU^', where (u) is defined by 04.2. 1.4p . 



^If 7'j^(u) denote the elements defined in line 2 above [28j (4.1)], then ^f{u) = Vfiuz). We 
have corrected a typo by removing the + sign in exp(=F ^ ...). If the + is there, then the — case of 
^f{u) = kf^'Pf{uz-'^)/'Pf{uz) as given in [28l (4.1)] is no longer true. Also, (|4.2.1.3p shows that 
+ sign is unnecessary. 

''There are simple highest weight integrable modules A;^ considered in |56i 6.2.3] (defined in 
3.5.6]) which, in general, are infinite dimensional. 
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Let 7(P) be the left ideal of Uc(sl„) generated by x+^, 1^^^^ — Pj^g, — z'^\ 
for 1 ^ j ^ n — 1 and s G Z, where fij = degPj{u), and define "Verma module" 

M(P) = Uc(5[„)//(P). 

Then M(P) has a unique simple quotient, denoted by L(P). The polynomials Pi{u) 
are called Drinfeld polynomials associated with L{P). 

The following result is due to Chari-Pressley (see [H [B] or [71 pp. 7-8]). 

Theorem 4.2.2. The modules L(P) with P G V{n) are all nonisomorphic finite 
dimensional simple Uc^sln) -modules of type 1. 

Let U(c(g(„) be the algebra over C generated by x^^ {1 ^ i < n, s G Z), k^"^ and 
gj t (1 ^ i ^ t G Z\{0}) with relations similar to (QLA1)-(QLA7) as defined in 
§2.3. Chari-Pressley's classification is easily generalized to simple Uc(0l„)-modules 
as follows; see |28j . 

For 1 ^ i ^ n and s G Z, define the elements ^i^s G Uc(flt„) through the 
generating functions 

^t{u) := exp(-J2 l^9^,±t{^u)^') = ^ ^i,±sU^' G \JcQn)[[u,u-']]. 
Since hj^m = z^^~^^'^gi,m — -2''*'^^''*gi+i,m, it follows from the definitions that 

for 1 ^ j ^ n — 1. 

As in the case of Uc(sl„), if \^ is a representation of Uc(0l„) then a nonzero (A- 
weight) vector i;; G V" is called a pseudo-highest weight vector, if there exist some 
Qi^s G C such that 

x+^w = 0, ^i^sW = Qi,sW, kjW = z^'w (4.2.2.1) 

for all 1 ^ z ^ n and 1 ^ j ^ n — 1 and s G Z. The module V is called a pseudo- 
highest weight module if = Uc(0l„)w for some pseudo-highest weight vector w. 
Associated to the sequence {Qi^s)s€Z, defined two formal power series by 

Qt{u) = J2Q^,±sU^'. (4.2.2.2) 

We also write the short form ^f{u)w = Qf{u)w for the relations Si^sW = Qi^gW (s G 
Z). 

A finite dimensional Uc(0t„)-module V is called a polynomial representation if it 
is of type 1 and, for every weight A = (Ai, . . . , A„) G Z" of V , the formal power series 
Tf{u) associated to the eigenvalues (7i,s)sez defining the generalized eigenspaces Va,7 
as given in (14. 2. LSI) , where H^i^s is replaced by ^i^s and n — 1 by n, are polynomials 
in of degree Aj so that the zeroes of the functions Tf{u) and T~{u) are the same. 

Following [28] . an n-tuple of polynomials Q = {Qi{u), . . . ,Qn{u)) with constant 
terms 1 is called dominant if for 1 ^ ^ n — 1 the ratio Qi{z^~^u) / Qi+i{z'^'^^u) is a 
polynomial. Let Q{n) be the set of dominant n-tuples of polynomials. 
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For Q = {Qi{u), . . . , Qniu)) G Q{n), define Qi^s G C, for 1 ^ i ^ n and s G Z, by 
the following formula 

where Qf{u) is defined using ( I4.2.1.4p . Let /(Q) be the left ideal of Uc(0t„) generated 
by x^g, ^i^s — Qi,s, kj — z'^' for 1 ^ j ^ — 1, 1 ^ z ^ n and s G Z, where 
Xi = degQi{u), and define 

M(Q) = Uc(sIJ//(Q). 
Then M(Q) has a unique simple quotient, denoted by I/(Q). The polynomials Qi{u) 
are called Drinfeld polynomials associated with L(Q). 

Theorem 4.2.3 ([28]). The Uc(gl„)-?rac»(i'u/es -L(Q) with Q G Q{n) are all noniso- 
morphic finite dimensional simple polynomial representations o/Uc(st„)- Moreover, 

^(Q)luca) = ^(P) 

where P = (Pi(u), . . . ,P„_i(m)) mi/i P,(m) = Qi{z'-'^u)/Qi+i{z'+^u). 

4.3. Classification of simple 5^(n, r)c-modules: the upwards approach 

We first recall the classification of irreducible representations of 'Ha{i^)c oi' equiv- 
alently, simple 7{A(r)c-modules. 

Let C* = C\{0}. For a = (ai,...,a^) G (C*)^ let = V.^{r)c/J^, where 
is the left ideal of 'Hjj')c generated by Xj — aj for 1 ^ j ^ r. Then Ma is an 
'HA{r)c-TaodvL\e of dimension r! and, regarded as an 'H(r)c-module by restriction. Ma 
is isomorphic to the regular representation of 'H{r)c. 

Applying the functor F to Ma yields an S/^{n, r)c-module fi®'" Ma and hence, 
a D^c{n)-modu\e inflated by the homomorphism C,r,c given in fl3.5.9.ip . The following 
result, which will be used in the next section, tells how the central generators zf of 
2)a,c('^) defined in fl2.2.0.3l) act on this module. 

Lemma 4.3.1. Let a = (ai, . . . , a,.) G (C*)*^ and w G 17®'' ®-Ha(r)c ^a- Then we have 
zf w = Ei^s^r fort^l. 

Proof. We may assume w = uji®h for some i G IJji, r) and h G Ma. Since for 
each t ^ 1, J2i^siir-^t^ is ^ central element in 'Hjj')^, it follows from f l3.5.4.4p that 

□ 

A segment s with center a G C* is by definition an ordered sequence 

s = {az-^^\ az-^+\ . . . , az^-^) G (C*)^ 

Here k is called the length of the segment, denoted by |s|. If s = {si, . . . ,Sp} is an 
unordered collection of segments, define p(s) to be the partition associated with the 
sequence (|si|, . . . , |Sp|). That is, p(s) = (|sij, . . . , \si^\) with |sij ^ ■ ■ ■ ^ \si^\, where 
|sjj|, . . . , |sip| is a permutation of |si|, . . . , |Sp|. We also call |s| := |p(s)| the length of 
s. 
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Let 5^r be the set of unordered collections of segments s with |s| = r. Then 
= UAgA+M-^r.A, where = {se ^rl p(s) = A}. 
For s = {si, . . . , Sp} G ^r,A, let 

a(s) = (si,...,s,)G(C*r 

be the r-tuple obtained by juxtaposing the segments in s. Then the element 

generates the submodule 1-Ljj')£yx of Ma(s) which, as an 'H(r)c-module, is isomorphic 
to 'H{r)cyx- However, 

n{r)cyx = Sx®i m^^xS,,), (4.3.1.1) 

fj,\-r,fi>X 

where is the left cell module defined by the Kazhdan-Lusztig's C-basis |50] asso- 
ciated with the left cell containing wo,a- 

Let Vs be the unique composition factor of the 'HA(?')c-niodule 'Hdr)cyx such that 
the multiplicity of Sx in Vs as an 'H(r)c-module is nonzero. 

We now can state the following classification theorem due to Zelevinsky [85] and 
Rogawski [69J. The construction above follows |69] . 

Theorem 4.3.2. Let Irr('H^(r)c) he the set of isoclasses of all simple 'H^{r)c-'modules. 
Then the correspondence s i— > defines a bijection from 5^^. to Irr('H^(r)c). 

We record the following general result. 

Lemma 4.3.3. Let S and H be two algebras over a field ¥. IfV is an S-H-bimodule, 
M is a left H-module, and e & S is an idempotent element, then eV is an eSe-H- 
bimodule and there is an eSe-module isomorphism 

{eV) ®H M = e{y ®H M) {ew ® m ^ e{w ® m)) . 

Proof. There is a natural map a : {eV) ®h M ^ V ®h M defined by sending 
ew®m to ew®m. The map a induces a surjective map a : {eV)<^HM — > eiV^nM). 
On the other hand, there is a surjective right i?-module homomorphism from V to 
eV defined by sending w to ew for w E V. This map induces a natural surjective 
map /3 : V <^H M ^ i^V) M defined by sending w ® m to ew ® m for w e and 
m e M. By restriction, we get a map /3 : e(y <^h M) — )• (eV) ®_ff M. Since a/3 = id 
and Pa = id, the assertion follows. □ 

Let 

^J") = {se I ^n.(r)c Vs ^ 0}. 
Then S^r"^^ = for all r ^ n. We have the following classification theorem. 
Theorem 4.3.4. The set 

is a complete set of nonisomorphic simple S/^{n,r)c-modules. In particular, ifn^r, 
then the set {fi®^' ®^(r)c Vg \ s E is a complete set of nonisomorphic simple 
S^{n, r)£-modules. 
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Proof. If n ^ r, then the assertion follows from Theorem 14.1.31 Now we assume 
n < r. As in the proof of Theorem 14.1.61 we choose N = r and regard A^(n, r) as 
a subset of A^(r, r) via the map fi ^-^ Jl given in fl4.1.5.ip . Then ^^(n, r)c identi- 
fies a centralizer subalgebra eSi,{r,r)ce of S/:,{r,r)c, where e = J2xeA^(nr)['^^^&W] ~ 

Recall from Proposition 13.3.11 that the tensor space identifies TJji.,r). Thus, 
%{r,r)c is the tensor space on which Silr^r)c acts. Hence, the set 

{7I(r,r)c ®^,(r)c K I s e S^r} 

forms a complete set of nonisomorphic simple 6'A(r, r)c-modules. By |i33t 6.2(g)] or a 
direct argument, the set 

{e(7^(r,r)c ®n,i.r)r^ | s G ^.}\{0} 
forms a complete set of nonisomorphic simple SJji, r)c-modules. Since 

by Lemma I4.3.3[ there is an ^^(r;,, r)c-module isomorphism 

e(7;(r,r)c ®w,Me V;) = (e7;(r,r)c) V; = Q.^' ^n^rh ^s, 

proving the n < r case. □ 

We end this section with a discussion on how the index set ^r""* of simple ^^(n, r)c- 
modules for n < r is related to a certain Branching Rule. 

Since the parameter z for the specialization Z ^ C,v ^ z is not a root of unity, 
the Hecke algebra 7/(r)c is semisimple. Thus, as an 'H(r)c-module, is semisimple. 
By f l4.3.1.ip . we can decompose the 7{(r)c-module 

^slwWc = "^/.(s)5,.(s)- (4.3.4.1) 

/i(s)|-r,^(s)>p(s) 

Here, for A = p(s), mx = I, and m^(s) ^ m^(s)_A (see fl4.3.1.ip). 

Proposition 4.3.5. Maintain the notation above. We have s G ci^r""* if and only if 
^fi{s) 7^ for some partition /i(s) G A"'"(n, r). 

Proof. By Lemma [4.1.H we have iS(?t,, r)c-module isomorphisms 

^{s)hr,/i(s)>p(s) 

Since ®«(r)c '^'^^(s) 7^ if and only if /i(s) G A+(n,r), it follows that fi^*" ®^a(»')c 
'S'^(s) 7^ if and only if m^(s) 7^ for some partition /i(s) G A"''(n,r). □ 

The upwards approach to the classification of simple S^{n, r)c-modules when n < r 
depends on the description of the set J^r"'\ From the proof above, one sees easily 
that 
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The next example shows that ^r"^ 7^ does occur. 

Example 4.3.6. For any a G C, there is an algebra homomorphism eVa '■ 'Ha{^)c ~^ 
TL{r)c, call the evaluation map (see [8] 5.1]), such that 

(1) eVa{Ti) =Ti, 

(2) ev,{Xj) = a^-2(^-i)T,_i ■ • ■ T2T1T1T2 ■ ■ ■ T,_i, l^j^r. 

Thus, every simple 'H(r)c-module Sx is also a simple 'H^{r)c-modu[e. Those s such 
that V"s is isomorphic to S\ with A ^ A+(n, r) are not in 

However, the proof above also shows that if we know explicitly the decomposition 
in (14.3.4. ip . especially for those s G with p{s) having more than n parts, then we 

are able to determine ^r'^^ We will call the description of the nonzero multiplicities 
in (14.3.4. ip the ajfine-to-finite Branching Rule or simply the affine Branching Rule. 

Problem 4.3.7. Describe the affine Branching Rule. In other words, find a necessary 
and sufficient condition for the nonzero multiplicities m^(s) given in (14.3.4. ip . 

We will use the downwards approach to complete the classification in §4.5. We will 
prove that each simple SJji, r)c-module is an irreducible polynomial representation of 
Uc(0t„) in Proposition l4.5.4l and prove that each irreducible polynomial representation 
of Uc(0t„) is a simple iSA(n, r)c-module for some r in Proposition 14.5.71 Combining 
Propositions 14.5.41 with H:.5.7[ we can classify the simple modules for SiJji,r)(c. 

4.4. Identification of simple ^^(n, r)c-modules: the n> r case 

Recall the C-algebra 2Da,c(^) defined in Remark 12.1.41 and the C-algebra isomor- 
phism £h,c : 2!)a,c(^) — ^ Uc(0l„) discussed in Theorem 12 . 3 . 5 1 and Remarks 12. 3. 7( 2). By 
the presentation given in Theorem 12. 2. 3 l it is easy to see that there is an automorphism 
g of S)a,c('^) satisfying 

giKf') = Kt\ g{uf) = uf, {l^i< n), 
9{<) = {-^r^^'<. 9{4) = -z^("-^)^z± (. ^ 1). 

Combining the two gives the following. 

Proposition 4.4.1. There is a C-algebra isomorphism 

f = ^H,c o 9 ■ ^^c{n) — > Uc(0l„) 

such that 

Kf'^kf\ ^±^x± (l^^<n), 

^ i-lTz^'et zf ^ (. ^ 1). 

Now the C-algebra epimorphism ^r,c '■ 2)^c(^) S^i^, r)c described in Corollary 
13.8.31 (and Theorem 13.8. ip together with / gives a C-algebra epimorphism 

C,c ■■= ^r,c o r' : Uc(SJ ^ 5,(n, r)c. (4.4.1.1) 

Thus, every iSA(n, r)(c-module will be infiated into a Uc(0l„)-module via this homo- 
morphism. In particular, every simple iSA(n, r)c-module given in Theorem 14.3.41 is a 
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simple Uc(g[„)-niodule. We now identify them for the n > r case in terms of the 
irreducible polynomial representations of Uc(0t„) described in Theorem I4.2.3I 

Recall from §4.2 that Q{n) is the set of dominant n-tuples of polynomials. For 
r ^ 1, let 

Q{n)r = {Cl = {Qiiu),...,Qn{u)) eQ{n)\r= J] degQ,{u)}. 
For s = {si, . . . ,Sp} e with 

let Qn{u) = 1 and for 1 ^ z ^ n — 1, define 

Qf{u) = Pt{uz-^^')PtA^z-^^') ■ ■■PtAuz-''). and 
We now have the following identification theorem. 

Theorem 4.4.2. Maintain the notation above and letn > r. The map s i— )■ Qs defines 
a bijection from to and induces Uc(sl„)-'mo(i'u/e isomorphisms fi^*" ®HA(r)c 

Vs = L{Qs) for all s E Hence, the set {L{Q) \ Q G Q{n)r} forms a complete set 
of nonisomorphic simple S/^{n,r)c-modules. 

Proof. By the algebra homomorphism ^^j. given in f l4.4.1.ip . every iSa(^;'")c- 

module M is regarded as a Uc(0t„)-module. Let [M] denote the isoclass of M. By 
Theorem 14.3.41 it suffices to prove that 

(1) ®^,(,),i; = L(Q,), and 

(2) {[L(Q)] I Q e Q{n)r} = {[^^ ®«.Mc I ^ G ^r}- 

We first prove (1). Let s = {si,...,Sp} G be an unordered collection of 
segments with 

Si = {aiZ-^^+\ aiZ-^'^+\ . . . , aiZ^"^-^) G (C*)^\ 

Thus, r = J2i^i^pf^i- Let a = a(s) = (si, . . . ,Sp) G (C*)*" be the sequence obtained 
by juxtaposing the segments in s. Then the simple ^^(n, r)c-module ®-HA(r-)c 
becomes a simple Uc(0l„)-module via fl4.4.1.ip . As a simple Uc(5tn)- module, 
this module is isomorphic to the Chari-Pressley module J^{Vs) by Proposition 14.2.11 
Applying [S", 7.6] yields a Uc(st„)-module isomorphism fi^*" ®HA(r)c — -^(P), where 
P = (Pi(m),...,P„_i(u)) with 

P^^{u) = Yl{l-afu^^), l^i^n-1. (4.4.2.1) 

As a simple Uc(0l„) -module, by |28l Lem. 4.2], if wq G Q^^' ®%(r)c ^ is the pseudo- 
highest weight vector of weight A = (Ai, . . . , A„), then A is a partition of r, since A 
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is also a highest weight as an iS(n, r)(c-module, and there exist Q^iu) E C[[u]] and 
Qi{u) e C[[m-^]], l^i^n, such that 



, Qf{uz^-^) (4.4.2.2) 

f^") = 7W~/ — 1TT\' degPi(M) = - Vi 



We now prove that Qf{u) are polynomials of degree A,. 

Since /(zf) = z^^'^~^'^^-^9±t for all t ^ 1 as in Proposition 14.4. 1"| it follows from 
02.3. l.ip and Lemma SXH that 



Thus, 

n <5^(m)wo = W ^f{u)wQ = exp f - J]] ^i,±j j (mz)^Mwo 



n exp(-$^^(t 



as 



^^j^i i(aiU22fe-i-M«)±t = _ fliu^^^-i-'^'). Hence, 

n^^^(^)= n il-{a.uz^'~'~'^f")- (4.4.2.3) 



On the other hand, by (14.4. 2. 2|) . 

Q.^(^) = PHuz-''-')PU^z-'^") ■ ■■Ptiiuz--'')Q^{uz'^-'^) (4.4.2.4) 
for all 1 ^ z ^ and by (I4.4.2.ip . 

P'±(u2~'+i)i^±(u2-'+=^) ■ . . Ptiuz'-^) 
= JJ (1 - (a,-u2-^^+i)±i)(l - (a,-MZ-'^^+3)±^) ... (1 - (a,Mz'^^-i)±i) 



JJ (1- (a,-Mz2fc-i-M.)±i). 
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Thus, 



Hence, 



= n (i-{a.uz^'-'-'^f') n 



Combining this with f l4.4.2.3p yields 
So we have 



exp 

It follows that 



This forces gn,±tWo = for alH ^ 1. Consequently, 

and hence, Q^iu) = 1. We conclude by fl4.4.2.4l) that all Qf{u) are polynomials with 
constant term 1 and Qs = {Qiiu), . . . , Qn{u)) G Q{n). Moreover, 



n 



E degQi{u) = jdegPj{u) = ^ /i^- = r = ^ A^. 

This forces A„ = and consequently, deg Qi{u) = Aj for all 1 ^ i ^ ri. Therefore, 

fi®*" ®«a{r)c K is a simple polynomial representation of Uc(gt„) and fi^'' ^HAir)c — 
L(Qs), proving (1). 

We now prove (2). For any Q = {Qi{u), . . . ,Qn{u)) G Q{n) such that r = 
X]i^j<n with Aj = deg(5j(M), we now prove that L(Q) is a simple ^^(n, r)c-module. 
Since the polynomials 

have constant term 1 and degPj(u) = Xj — Xj+i ='■ Vj, it follows that A G A+(?7,,r) is 
a partition with at most n parts. So n > r implies A„ = 0. Moreover, we may write, 
for 1 ^ i ^ n — 1, 

Pi{u) = (1 — a,yj+...+,y._-^+i'u)(l — au^j^...+u-^^+2u) ■ ■ ■ (1 — ay^_|_...+y-_-^+,^.-u). 
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where aj^ G C, 1 ^ j ^ p = z/j, are the roots of Piiy). Let s = {si, . . . , Sp}, where 
and (/ii, . . . = (1^^, . . . ,{n — 1)""-^), and let a = (si, . . . ,Sp). Since 

we have a G (C*)''. By the first part of the proof, we see Q = Qs, and hence, 
fi®'' = L{Q) as Uc(st„)-niodules. In other words, L{Q) is a simple iSa(^, ''^)c- 
module. □ 

4.5. Classification of simple 6'A(n, r)c-niodules: the downwards approach 

We now complete the classification of simple S^{n, r)c-modules by removing the 
condition > r in Theorem I4.4.2I We will continue to use the downwards approach 
with a strategy different from that in the previous section. Throughout this section, 
we will identify Uc(0t„) with S)a,c(^) via the isomorphism / in Proposition 14.4. II and 
will regard every ^^(r;,, r)c-module as a Uc(0l„)-module via the algebra homomor- 
phism ^,.,c : 2)a,cH -^<SA{n,r)c; see (14.4.1.11) . 

Consider the Uc(0t„)-module via 

nda) := F(M„) = fic ®«.(i)c 

for a G C*. By Proposition l4.2.1l flc{a) = Qn,c^Hii)c^a — ^n,c as S{n, l)c-modules. 
Hence, dim flc^a) = n. 

By Theorem I4.1.3[ VLc{a) is a simple Uc(0t„)-module since dime = 1 and 
Ma = Vs with s = (a) G J^i. Since n > 1, by Theorem 14.4.21 we have 

nda) = L(Q) with Qi{u) = 1 - au and Qi{u) = 1 for 2 < i ^ n. (4.5.0.5) 

The Uc(0t„)-module ^c{ci') is very useful and we will prove that every finite di- 
mensional simple i5A(n, r)c-module is a quotient module of Qc{(ii) ®c ■ ■ ■ ®c ^c('^r) 
for some a G (C*)'' in Corollary 14.5.21 

Let cDj = ® 1 G ^lc{(^) for all ^ G Z. 

Lemma 4.5.1. For any a = (oi, . . . , a,,) G (C*)'', there is a \] c{gl^) -module isomor- 
phism 

if : n<c{ai) (g)c ■ ■ ■ ®c fic(ar) — > ®m{r)c 
defined by sending coi to Ui^l for i E I^{n,r) , where u}\ = uji^®- ■ - ^Ui^. Moreover, as 
an S{n,r)tc-module, flc{ai) ■ ■ ■ (8>c ^c(o-r) is isomorphic to the finite tensor space 
nf}:for all Si e {C*Y . 

Proof. The set 

{ui \ 1 ^ i ^ n} 
forms a basis of Qc{0')- Hence, the set 

I i G I{n,r)} 
forms a basis of f2c(ai) ®c • • ■ ®c ^c{(ir)- 
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Similarly by Proposition 14.2.11 we have 

fif ®^(,,), = n^;^ ^nir), = n^;^ (4.5.1.1) 
as iS(n, r)c-modules. So the set 

{uji®l\ie Iin,r)} 
forms a basis of ®WA(r)c ^a- Hence, there is a linear isomorphism 
ip : fic(ai) ®c ■ ■ ■ ®c ^c(ar) — > ^1'' ®«i(r)c Mi 

defined by sending coi to Wi ® 1 for i G I{n,r). 

Now we assume i G IJji^r). We write i = j + nt with j G I{n,r) and t G Z*". 
Then 

= 0^*^02^*=^ • ■ ■a7*'-Wj (g) 1 
= WjXf*^X2"*^---X7*'- ® 1 
= 1. 

It follows easily that is a Uc(0l„)-module isomorphism. The last assertion is clear 
from 04.5. l.lj) . □ 

Corollary 4.5.2. Let V be a finite dimensional simple \]c{qKi) '''module. Then the 
following conditions are equivalent 

(1) V can be regarded as an SJji,r)ic-module via ^r,c; 

(2) V is a quotient module of the 'Uc{Qin)'''^(^d,ule Qc{cii) ®c ■ ■ ■ ®c ^cicr) for 
some a G (C*)''; 

(3) V is a quotient module of Q'^^ ; 

(4) V is a subquotient module of Q'^^ . 

Proof. By the lemma above, the map 

n^*" — y Qc{ai) ®c ■ ■ ■ ®c ^c{ar), i — > (^u 

is a Uc(0t„)-module epimorphism (say, induced by the natural 'HA(r)c-module epi- 
morphism 'Ha(^)c ^ Ma). Hence, (2) implies (3). Certainly, (3) implies (4). Since 
Jlc"" is an iSA(n, r)c-module, (4) implies (1). 

If V can be regarded as an ^^(n, r)c-module via ^r,c, then, by Theorem I4.3.4[ 
V = ®'HA(r)c ^ fo'^ some s. Since \4 is a homomorphic image of some (see [8l 
3.4], say), it follows that is a homomorphic image of V = fl'^'^ ^HA(r)c which is, 
by Lemma [4. 5. H isomorphic to Qc{ai) (8>c ■ ■ " ®c ^ci(^r)- Hence, V" is a homomorphic 
image of fic(ai) ®c • ■ ■ ®c ^c{ar), proving (2). □ 

Remark 4.5.3. The algebras Uc(st„), iSA(n, r)c, etc., under consideration are all 
defined over C with parameter z which is not a root of unity. As an S{n, r)c-module, 
the finite dimensional tensor space is a semisimple module (i.e., is completely 
reducible). In the affine case, however, it is unclear if the infinite dimensional tensor 
space fl^^ is completely reducible. The fact that every simple S/^{n, r)c-module is a 
homomorphic image of Q^^^ does reflect a certain degree of the complete reducibility. 
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Using Corollary 14.5.21 we can prove the first key result for the classification theo- 
rem. 

Proposition 4.5.4. Every simple S/:,{n, r)c-module is a polynomial representation of 

Uc(gi„). 

Proof. Let V be a simple ^^(n, r)c-module. Then V is finite dimensional by 
Theorem 14.1.61 Thus, is a quotient module of f2c(ai) ®c ■ ■ ■ ®c ^c(«r) for some 
a G (C*)*", by Corollary 14.5.21 Now, f l4.5.0.5p implies that fic(O') is a polynomial 
representation of Uc(0l„)- So, by |28| 4.3], the tensor product Qtc{cii) ®c " " " ®c 
Oc(ar) is a polynomial representation of Uc(0t„). Hence, V is also a polynomial 
representation of Uc(0t„). □ 

Now let us define the Uc(gl„) -module Deta for a G C* in the following lemma. 
The Uc(gt„)-module Det^ plays the same role in the representation theory of Uc(0t„) 
as the quantum determinant in the representation theory of [/(g[„)c. One can easily 
see that by restriction Deta is isomorphic to the quantum determinant for f/(g[„)c 
for any a G C*. 

Lemma 4.5.5. Fix a G C*. Let a = s = (a,az'^, . . . ,az'^^'^^^^) regarded as a single 
segment, and let 

Beta := (^Hdnh Va, 

where Va = Vs is the suhmodule of Ma generated by . Then dim Deta = 1 o^nd 

Deta = span^jwi ® ■ ■ ■ ® oon® y^n)}- 

Moreover, as a -module, Deta — -^(Q); where Q = {Qi{u), . . . ,Qn{u)) G Q{n) 

with Qi{u) = 1 — az^'''^~^\ for all i = 1,2, ... ,n. 

Proof. Recall the notations used in §4.3. We have Ma = 'H{n)c and, by Theorem 
14-3.21 Va = 'H{n)0j(^n) = 'Cy{n), siucc Tiyi^n) = -y(n) for all 1 ^ i ^ n - 1. 

By Theorem I4.1.3[ Deta is a simple Si^{n, r;,)c-module. By Proposition I4.5.4[ 
Deta — -^(Q) for some Q G Q{n). Since 

by Proposition 14.2. 

ie4("-,")o 

Hence, Deta = ^V^^c{^i'^y(n) I i ^ 4(^?'^)o}- If ik = ik+i in an i G I^{n,n)Q for some 
1 ^ ^ n — 1, then 

This forces Ui ® = as z is not a root of unity. The only i G I^in, n)Q with 
ik 7^ ik+i for 1 ^ A; ^ 72 — 1 is i = (1, 2, . . . , n). Hence, 

Deta = Cui ® ■ ■ ■ ^ Un ® y(n)- 



114 4. REPRESENTATIONS OF AFFINE QUANTUM SCHUR ALGEBRAS 

Since KiWo = zwq, where = c^i ® ■ ■ • ® ® it follows that deg Qi{u) = 1 for 
all 1 ^ z ^ n. On the other hand, since 

PJu)- 



is a polynomial, we must have Pi{u) = 1 for all 1 ^ i ^ n — 1. 

Suppose Qn{u) = 1 — bu for some 6 G C*. Then Qi{u) = 1 — bz'^^"'~^^u for all i. 
Thus, as in the proof of Theorem 14.4.2^ Lemma 14.3.11 implies 

for all t ^ 1, and hence. 



= n ^?(«vo= n (i-K^'^-^^«)^')^o. 

Equating the coefficients of u forces a = b. □ 

Lemma 4.5.6. Let V be a simple Si,{n, k)c-module and W be a simple Si,{n,l)c- 
module. Then V ®W is an SJji, k + l)c-module. 

Proof. By Corollary I4.5.2[ is a quotient module of the Uc(0t„)-module 
Qc{0'i) ®c ■■■ ®c ^c(ctfc) for some a G (C*)'^ and W is a quotient module of 
^c(^i) ®c ■ ■ ■ ®c ^cibi) for some b G (C*)'. Thus, V ® W is a quotient module 
of the Uc(glri) "Module 

^c{ai) ®c ■ ■ ■ ®c ^c{ak) ®c ^c{bi) ®c ■ ■ ■ ®c ^c{bi), 

which is isomorphic to Q'^^'''^''^ ®WA(r)c ^(a,b), by Lemma 14.5.11 Hence, as a quotient 
module of an S/^{n, k + /)c-module, ® 14^ is an S/^{n, k + /)c-module. □ 

We remark that it would be possible to embed ?/a(^)c ® '^a(Oc into "HaI^ + Oc 
as a subalgebra (see, e.g., [H 3.2]), and hence, regard S/s^{n, k + l)c as a subalgebra of 
S^{n, k)c ® SJji, l)c- Thus, by restriction, the Si^{n, k)c ^^(n, /)c-module V is 
an Si^{n, k + Z)c-module. 

For 1 ^ 2 ^ 77, — 1 and a G (C)*, define Qt^a G Q{n) by setting Qniu) = 1 and 



(1 — au) 



for 1 ^ j ^ 77 — 1. In other words, 

Qj a = (1 - az^'^u, . . . , 1 - a2;"'+^M, 1 - az~''^^u, 1, . . . , 1). 

Since 77 > by Theorem 14.4.21 the simple Uc(0l„)-module Lj ^ := -L(Q) is also a 
simple iSa(77, '7)c-module. The weight of the pseudo-highest weight vector of Li^a is 
A(i,a) = (1*,0"~*). Now we can prove the second key result for the classification 
theorem. 
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Proposition 4.5.7. // Q = {Qiiu)) G Q{n) with r = Zli^i^n deg(<5j(M)), then L(Q) 
is (isomorphic to) a simple SJji^r) ^-module. 

Proof. Let A = (Ai, . . . , A„) with \j = deg{Qj{u)) and let 

Write Qn{u) = (1 — hiu) • ■ ■ (1 — &a„w) and 

where /li = Xi — Xi+i- Let 

V = Li® ■ ■ ■ ® Ln-i ® Detb^ (g) ■ ■ ■ (g) Detfe^^ 

where = Lj^^^ ^ ■ ■ ■ (g) ivi,a,,^^ for 1 ^ i ^ n - 1. 

Let Wi^a.k (resp. fj) be a pseudo-highest weight vector of Li^ai^ (resp., Detb^.), 
and let Wo = Wi W2 ^ ■ • ■ ® w^n-i, where = Wj^a- ^ (g) Wj^ai 2 ® ' ' ' ® "^i^i y.- ' ^^"^ 
fo = "i^i (g) ■ ■ ■ (g) "Wn. Since Wj^Q. has weight (P, 0"~') and 



^^{u]Wi„.,. = V ^ ' ' ' ... " and 

Wi,a,,fc, if 2 < J ^ n, 



^f{u)vi = (1 - for 1 ^ z ^ A„, 

it follows from [28[ Lem. 4.1] that 

^fiu){wo(g)Vo) = Qfiu){wo ® Vo). 
Moreover, the weight of wo (g) f is 

A = (/ii, 0, . . . , 0) + {fl2, /Lt2, 0, . . . , 0) + i^n-l, /in-l, 0) + (A„, . . . , A„). 

Let W be the sub module of V generated by Wq^Vq. Then W is a pseudo-highest 
weight module whose pseudo-highest weight vector is a common eigenvector of k, 
and ^i^s with eigenvalues z^' and Qi.s, respectively, where Qi.s are the coefficients 
of Qf{u). So the simple quotient module of W is isomorphic to iv(Q) (cf. the 
construction in [28[ Lem. 4.8]). Since "^Zi^i^n-i ^/^j+^-^n = Yli^i^n ~ Lemma 
14.5.61 V is an ^^(n, r)c-module. Hence, -L(Q) has an iSA(n, r)c-module structure. □ 

Now using Propositions 14.5.41 and 14.5.71 we can prove the following classification 
theorem. 

Theorem 4.5.8. For any n,r ^ 1, the set {i^(Q) | Q G Q(n)r} is a complete set of 
nonisomorphic simple S/^{n, r)c-modules. 

Proof. By Proposition 14. 5. 71 the set {i^(Q) | Q G Q{n)r} consists of nonisomor- 
phic simple S/s^{n, r)c-modules. It remains to prove that every simple Si^{n, r)c-module 
is isomorphic to L{Q) for some Q G Q{n)r. 

Let be a simple 5a(^5 ''^)c-niodule. Then V = L{Q) as a Uc(0l„) -module for 
some Q G Q{n) by Proposition l4.5.4[ Let / = J2i^i^n Qiiu). Then, by Proposition 
I4.5.7[ -L(Q) is an ^^(n, /)c-module. Thus, by restriction, is a module for the g-Schur 
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algebra S{n,r)c and V is also a module for the g-Schur algebra S{n,l)c- Hence, 
r = l. □ 

Corollary 4.5.9. Let V be a finite dimensional irreducible polynomial representation 
o/Uc(0t„). Then V can be regarded as an S^{n, r)c-module via ^r,c if o^fid only if V 
is of level r as a U{n)c-module. 

Proof. If V can be regarded as an S/:,{n, r)c-niodule via C,r,c then we may view V 
as an iS(n, r)c-module by restriction, and hence, V is of level r as a U^{n) c-modnle. 

Conversely, suppose that V is of level r as a f/(n)c-module and V = L{Q) for 
some Q G Q{n). Then V is an ^^(n, r')c-module by Theorem I4.5.8[ where r' = 
^-^jgjjg^ degQj('u). Hence, V is of level r' as a f/(n)c-module. So r = r' and V is an 
iSA(n, r)c-module. □ 

Remark 4.5.10. It is reasonable to make the following definition. A finite dimen- 
sional Uc(0t„) -module is said to be of level r if it is an ^^(n, r)c-module via ^r,c- Thus, 
if ^ is a Uc(sl„)-module of level r, then its composition factors are all homomorphic 
images of fl^^ . It would be interesting to know if the converse is also true. 

It is natural to make a comparison between the Classification Theorems 14.3.41 and 
14.5.81 and to raise the following problem. 

Problem 4.5.11. Generalize the Identification Theorem 14.4.21 to the case where n ^ 
r. 



4.6. Classification of simple [4(?2, r)c-modules 

The homomorphic image Ujji.r)^ of the extended affine quantum s[„, U^{n)tc, 
is a proper subalgebra of ^^(n, r)c when n ^ r. In other words, by restriction, the 
surjective algebra homomorphism C,r,c '■ Uc(0f„) S^{n,r)c induces a surjective 
algebra homomorphism C,r,c '■ Ujji)£ — ?■ Ujji, r)^. In this section, we will classify 
simple [/^(n, r)c-modules. 

Let P e V{n) and A G A+(n, r) be such that Aj — Aj+i = degPj for 1 ^ i ^ — 1. 
Define 

M(P,A) = f4Hc//(P,A), 

where /(P, A) is the left ideal of Ujji)ic generated by x^^, — P^ s and kj — 2;^^ for 
l^z^n — 1, sgZ and 1 ^ j ^ ra, where Pi^s is defined using f l4.2.1.7p . The Ujji)ic- 
module M(P, A) has a unique simple quotient ?7A(n)(c-module, which is denoted by 
L(P,A). 

Lemma 4.6.1. For Q G Q{n), let A = (Ai, . . . , A„) with Aj = (\eg{Qi{u)) for 1 ^i ^ 
n and P = (Pi(-u), . . . , P„_i('u)) G V{n) be such that 

_ Q,{uzi-^) 
forl<:j^n-l. Then I(P, A) ^ L(Q)|c;,(„),. 
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Proof. Let wq G L{Q,) be a pseudo-highest weight vector. Since Uc(0l„) is gen- 
erated by Ui^{n)c and the central elements zf for t ^ 1, every simple Uc(0l„) -module 
is a simple [4(n)c-module by restriction. In particular, L(Q)|^^(„)j, is simple. So 
we have -L(Q) = t4(n)cWo- Hence, there is a surjective [4(?T,)c-module homomor- 
phism ip : M(P, A) — > L(Q) defined by sending u to mwq for m G U^{n)c- Thus, 
L(Q) = M(P,A)/Kery9 as t/A(ra)c-modules. Since L(Q)|;7^(„)j, is simple and M(P,A) 
has a unique simple quotient L(P, A), we have L(P, A) = L(Q) as ?7A('^)c-niodules. □ 

Corollary 4.6.2. Let P G V{n) and A G A+(n, r) with Aj — Aj+i = degPj(M) for 
1 ^ i ^ 72 — 1. r/ien L(P, A) a t/Al'^? r)£-module via ^r,c o'^'^ -^(P; '^)luc(sin) ~ -^(P)- 

Proof. Let Q„(-u) = 1 m^". Using the formula 



Pi(u) 



we define the polynomials Qi{u) for 1 ^ i ^ n — 1. Then we have Q = 
. . . , Q„(m)) G and Aj = degQj(u) for 1 ^ z ^ -n,. By Theorem 

I4.5.8[ -L(Q) is an r)c-module. So, by Lemma [4.6. ![ L(P, A) = L(Q)|^^(„)p is 
a ?7A(n, r)c-module. Hence, L{P, A)|uj.(j[„) is simple since the algebra homomorphism 

^r,c : Uc(5ln) f4(^, r)c is surjective. □ 

Since UiJji,r)c contains iS(n, r)(c as a subalgebra, it follows that, if A G A+(?2, r), 
then L(P, A) is an iS(n, r)c- module and 

L(P,A)= L(P,A)^ (4.6.2.1) 

A(ri,r) 

where L(P, A)^ denote the weight space of L(P, A) as a f/(n)c-module. 

Lemma 4.6.3. Le^ A, A he partitions and P,P G V{n). If L{P,\) = I(P,A), t/ien 
P = P and A = A. /n particular, for Q, Q' G Q(n), L(Q)|,7^(„)j. = L(Q')|c7^(„)j, z/ and 
only tfdegQiiu) = degQ[{u) and Qj{uz^-^)/Q,+i{uz^+^) = Q'j{uz^-')/Qr^,{uz^+') 
for all 1 ^ i ^ n and 1 ^ j ^ n — 1. 

Proof. By 04.6.2. ip we have A = A. Since L{P,J^) = I(P,A), it follows from 
Coronary that I(P) ^ L(P, A)|u,(,i„) = I(P, A)!^^^^^^) ^ L(P). Therefore, 

P = P. □ 

Lemma 4.6.4. Let V be a finite dimensional simple Ujji, r)c-module. Then there 
exist P = (Pi(m), . . . , Pn-i{u)) G V{n) and A G A+(n, r) wi/i Aj — Aj+i = degPi(M), 
for alll i^i ^n- 1, such that V = L(P, A). 

Proof. Since ^r,c '■ Uc(s[„) Ui^{n,r)c is surjective, \^ is a simple Uc(sl„,)- 
module. Let Wq be a pseudo- highest weight vector satisfying 

x+^wo = 0, ^i^sWo = Pi,sWo, and kjWo = z^'Wq 

for all 1 ^ ^ TT, — 1 and s G Z, where /ij = degPj(u). Using the idempotent 
decomposition 1 = Y.ueht.{n,r) Hu<^Atin,r) ^I'^o = tfo ^ implies that there exists 
A G A(n,r) such that \.\Wq ^ 0. 
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It is clear that IxWq is also a pseudo-highest weight vector satisfying 
^tJ^wo = 0, ^i,slxWo = Pi,si\Wo, and kjlxWo = z^Hxiuo. 

On the other hand, kilxWo = z^'^HxWq for 1 ^ i ^ n. Thus, kjlxWo = z^^^'^'^+^IxWq. 
So Aj — Aj+i = /ij for 1 ^ z ^ n — 1. Hence, there is a surjective ?7A(n)c-niodule 
homomorphism ip : M(P, \) ^ V defined by sending u to uwq for all u G ?7a(^)c- 
This surjection induces a [4(n)c-niodule isomorphism V = L(P, A). □ 

All together gives the following classification theorem. 
Theorem 4.6.5. The set 

{I(P, A) I P G V{n), A G A+(n, r), A^ - A^+i = degPi(M) forl^i^n-l} 
is a complete set of nonisomorphic finite dimensional simple Ujji, r)c-modules. 
Define an equivalence relation ~ on Q{n) be setting for Q, Q' G Q{n), 
Q ~ Q' <^==^ degQi{u) = degQ[{u), 1 ^i ^n, and 



Corollary 4.6.6. IfTl^ = Q{n)r/ ~ denotes the set of equivalence classes and choose 
a representative G vr for every n G 11^, then the set {L(Q^)|(4(„)j, : vr G 11^} a 
complete set of nonisomorphic finite dimensional simple U^in, r)c-modules. Moreover, 
if n> r, then 11^ = Q{n)r- 

Proof. The last assertion follows from the fact that, if n > r, then Ujji^r)^ = 

As seen in Theorem I4.2.3[ there is a rougher equivalence relation ~' on Q{n) 
defined by setting for Q, Q' G Q{n), 

such that the equivalence classes are in one-to-one correspondence to simple Uc(sln)- 
modules. 



CHAPTER 5 



The presentation and realization problems 

As seen in Chapters 2 and 3, the double Ringel-Hall algebra 5Da(?t.) is presented 
by generators and relations, while the affine quantum Schur algebra S/s^{n, r) is de- 
fined as an endomorphism algebra which is a vector space with an explicitly defined 
multiplication. Now the algebra epimorphism from 2)a(?t^) to «Sa(?^, r) raises two nat- 
ural questions: how to present affine quantum Schur algebras «Sa(?t-, t) in terms of 
generators and relations and how to realize the double Ringel-Hall algebra ©^(n) in 
terms of a vector space together with an explicitly defined multiplication? In this and 
next chapters, we will tackle these problems. 

Since "D^in) ^ lJ^{n) (g) Z^{n) by Remark [2231[2), it follows that S^{n,r) = 
\Ji^{n,r)Zi^{n,r), where UA(n, r) (resp., Zi^{n,r)) is the homomorphic image of the 
quantum group \J/^{n), the extended quantum affine sin, (resp. the central subalgebra 
Zi,{n)) under the map C,r- We first review in §5.1 a presentation of McGerty for 
Ua(^, t). This is a proper subalgebra of «Sa(^, t) if n ^ r. As a natural affine 
analogue of the presentation given by Doty-Giaquinto |16] . we will modify McGerty's 
presentation to obtain a Drinfeld-Jimbo type presentation for UA(n, r) (Theorem 
I5.1.3p . We then determine the structure of the central subalgebra Z^{n,r) of «SA(n, r) 
(Proposition 15.2.^ . However, it is almost impossible to combine the two to give a 
presentation for Si^{n, r). In §5.3, we will use the multiplication formulas given in §3.4 
to derive some extra relations for an extra generator required for presenting S/^{r, r) 
for all r ^ 1 (Theorem I5.3.5p . In particular, we will then easily see why the Hopf 
algebra U considered in [35[ 3.1.lJ3 maps onto affine quantum Schur algebras; see 
Remark 15.3.21 Strictly speaking, U cannot be regarded as a quantum enveloping 
algebra since it does not have a triangular decomposition. 

From §5.4 onwards, we will discuss the realization problem. We first formulate a 
realization conjecture in §5.4, as suggested in (23. 5.2(2)], and its classical (f = 1) 
version. In the last section, we show that Lusztig's transfer maps are not compatible 
with the map C,r for the double Ringel-Hall algebra '5DA(n) considered in Remarks 
12.2.8( 3). This justifies that we cannot have a realization in terms of an inverse limit 
of the transfer maps. We will then establish the conjecture for the classical case in 
the next chapter. 

5.1. McGerty's presentation for \J^{n,r) 

The presentation problem for S^{n, r) when n > r is relatively easy. In this 
case, SJji,r) = \Jis^{n,r) is a homomorphic image of \J/^{n). By using McGerty's 
presentation for UA(n, r), we obtain a new presentation for \Ji,{n,r) similar to that 

^This algebra U is denoted by U{gl,^) in |35| . 
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for quantum Schur algebras given in |16] (cf. |26]). In particular, this gives Doty- 
Green's result |17] for SJ^n, r) with n > r (removing the condition n ^ 3 required 
there) . 

Let '■ "^Jji) ^A{n,r) be the surjective homomorphism defined in (I3.5.4.3p . 
For each r ^ 1, define 

Clearly, IJ^in, r) is generated by the elements 

a := UE^) = Et^,^,{0,r), f, := UF^) = i5^f+i,(0, r), := UK^) = 0(e„r), 

for all i & I. ^ 

Let C = (cjj) denote the generalized Cartan matrix of type as in fll.3.2.ip . 
Recall the elements [>,, A G A^{n,r), defined in Proposition 13.7.4^ 2) . The following 
result is taken from |60[ Prop. 6.4 & Lem. 6.6]. 

Theorem 5.1.1. As a Q{v)-algebra, \J/:,{n,r) is generated by 

Ci, fi, Ia (z G /, a G AA(^,r)) 

subject to the following relations 



AGAi(n,r) ^A — -L, 



1; 



(2) cJa 

(3) f.tA ^ 



Ix+ef -ef^^ ei, zfX + ef - ef+i G A^{n, r) 
0, otherwise; 

ifX- ef + e,^i G AA(n, r) 



0, otherwise; 

(4) Cifj - fjCi = EAeA^{n,r)[^* " ^»+i]^A; 

/ori 7^ j; 



(5) ^-^y 

a+b=l-Cij 

(6) Yl (-^y 



1 Cj,j 



a+b=l~ 



1 Cj,j 



f-f,f - =0 /or J. 



This theorem is the affine version of Theorem 3.4 in |16] . Naturally, one expects 
the affinization of Theorem 3.1 in [TO] for a Drinfeld-Jimbo type presentation. In fact, 
this is an easy consequence of the following result for the Laurent polynomial algebra 
U° := Q{v)[K^\ . . . , K^'^] = V^{nf, whose proof can be found in [ISl Prop. 8.2, 8.3] 
and |26i 4.5,4.6] in the context of quantum Qi^ and quantum Schur algebras (though 
the result itself was not explicitly stated there). 

For any G and 1 ^ i ^ n, let 



n 



1=1 



Kf,0 



and 



(5.1.1.1) 

[K,;r + I]' = (K, -l){K,-v)--- (K, - v^- 
If we regard as a function from U° to Q(f ), then Qxi^vf^) = 6\^f^ for all A, G A(n, r). 
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Lemma 5.1.2. The ideals (Ir) and {J,) ofU^ generated by the sets 

Ir = {l- SAeA(n,r)i:A} U {£a-C^ - Sx,^^x | A, G A(n,r)} 
U {Ki£,x - v^'2.x \1 ^n, Xe A{n, r)}, and 
= {k := Ki---Kn-v\ [Ki]r + l^- | 1 ^ i ^ n}, 

are the same. 

Proof. For completeness, we provide here a direct proof. Consider the algebra 
epimorphism 

y,:UO-^ U7(iri-t;'^S...,i^„-t;^"), /K-^(/K))^eA(n,.). 

/teA(n,r) 

It is clear from the relations S^xi^^) = Sx,fi that (Ir) = Ken/?. Applying the Chinese 
Remainder Theorem yield^ 

(/,)= fl {K,-v^\...,K,,-v^") 

= {k)+ fl {K,-v^\...,K^-v^-) 
= {K) + {[K,;r + l]\...,[K,,;r + l]) 

since k G {Ki — f , . . . , K„ — t;^") yUi + ■ ■ ■ + /i„ = r. □ 

The above lemma together with Theorem 15.1.11 gives the following result, which, 
as mentioned above, was proved in [17j under the assumption that n ^ 3 and n > r. 

Theorem 5.1.3. The algebra \J/s^{n,r) is generated by the elements 

d, fi, tiizel = Z/nZ) 

subject to the relations: 
(QSl) t,t, = t,t,; 

(QS2) iitj = v^''^^^^-^+^tjii, tifj = v-^''^+^''^+^fjii; 
(QS3) e,f^. - f^.e, = 6,/^^, where I, = 



a+b=l-Cij 

(QS5) Yl (-1)'' 



a+b=l—Ci 



v—v 

l-c 
a 

l-c, 
a 



c^t,c1 = 0fort^j; 



^The ideal J appeared in the proof of [11', Lem. 13.36] should be 

fl {xi-V^'\...,Xn-V^-), 

0^fil,...,fln^r 

while the quotient algebra R/J should have dimension (r + !)"■. 
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(QS6) [ti-r + l]'- =0, ti---tn = vr 

Proof. First, by the lemma, the ideal X,. of Va^ti) generated by Ir is the same as 
the ideal J'r generated by Jr- Second, if : U/^{n) — )• S/^{n,r) denotes the restriction 
of to Ua(^), then it is clear that C Ker^^ (see the proof of Proposition I3.7.4| ). 
Thus, we obtain an epimorphism 

satisfying ip{Ei + Xj) = ti, (p{Fi + X^) = fj, and (p{2,x + Tr) = Ia for i G / and 

On the other hand, it is direct to check that all relations given in Theorem 15.1.11 
hold in \]Jji)/Xr (see, e.g., the proof of [llj Lem 13.40]). Thus, applying Theorem 
15.1.11 yields a natural algebra homomorphism 

ijj : VjyU.r) — )■ \J[ln)/Xr 

satisfying Cj i— )■ i?j + X,,, h-)- Fj + X^, and {\ i— )■ 2,\+Xr. Therefore, (p has to be an 
isomorphism, forcing Ker^^ =Xj. = Jr. □ 

Remarks 5.1.4. (1) It is possible to replace the relations in (QS6) by the relations 

[ti; /ii]'[«2; ■ ■ ■ [K] Ai„]' = for all /i G with a(/i) = r + 1, 

and replace t„ used in (QS1)-(QS5) by t„ := v^t'^'^ ■ ■ - ^n-i- The new presentation 
uses only Sn — 1 generators. For more details, see P6j or [II] §13.10]. It is interesting 
to point out that the homomorphic image U(oo,r) of U(0[qo), which is a proper 
subalgebra of the infinite quantum Schur algebra «S(oo,r) for all r ^ 1, has only a 
presentation of this type; see [231 4.7,5.4]. 

(2) If Xr denotes the ideal of 2)a(?t.) generated by J^, then 

Thus, adding (QS6) to relations (QGL1)-(QGL8) in Theorem 12.2.31 gives a presenta- 
tion for this algebra. 

The relations (QS1)-(QS6) in Theorem 15. 1 .31 will form part of the relations in a 
presentation for SJj.r), r ^ 1; see §5.3. 

5.2. Structure of afRne quantum Schur algebras 

When n ^ r, \J^{n,r) is a proper subalgebra of S/^{n,r). The next two sections 
are devoted to the study of the structure of affine quantum Schur algebras «SA(n, r) 
in this case. We will first see in this section a general structure of S/s^n, r) inherited 
from 2)A(n) and give an explicit presentation for Si,{r,r) in §5.3. 

We first endow «SA(n, r) with a Z-grading through the surjective algebra homo- 
morphism 

If we assign to each u\ (resp., m^, Ki) the degree 0(A) = dimM(y4) (resp., —d{A), 
0), then 2)A(n) admits a Z-grading 'S^^{n) = ©mGz5^A('^)m- By definition, we have for 
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each X G 'S>iJ(n)m and uji = Ui^® ■ ■ ■ ® uji^. G fi®'', 

I 

p=i 

where Op G Q(t;) and j^^^ = (ji,p, . . . , G Z'' satisfy ^ILi 3s,p = Y.l=i is-m for all 
1 ^ p ^ I. Thus, letting ^^(n, r).^ = ^'I^aI^)™) gives a decomposition 

of «SA(n, r), i.e., S/^{n,r) is Z-graded, too. 

By Remark 12.2.8( 2). there is a central subalgebra Z^{n) = Q(f )[z+, z^]m>i of 
!X)A(n) such that 2)^(77.) = 11^(77.) ®q(„) ZA(n). This gives another subalgebra of Si^{n, r) 

such that Si^{n,r) = \J^{n,r)Z^{n,r). In other words, induces a surjective algebra 
homomorphism 

lJ^{n, r) ® Z^{n) — > S^{n, r), x®y \ — )■ x^riv)- 

Clearly, Z^{n,r) is contained in the center of S/^{n,r). 

By |58l Th. 7.10 & 8.4] (see also Corollary 13.5. 8p . we have the following result. 

Lemma 5.2.1. The equality \J^{n,r) = S^{n,r) holds if and only if n > r. In other 
words, Zjji,r) C JJJji^r) if and only if n > r. 

Moreover, for each m ^ 1, C,r{^m) ^ StJji,r)mn and ^r(z.m) £ SJ(n^r)-mm and the 
Z-grading of Si^{n, r) induces a Z-grading 

of lJ^{n, r), where lJi,{n, r)m = Ui,{n, r) n S^{n, r)^. 

We are now going to determine the structure of both Z^{n,r) and \J/s^{n,r). For 
all 1 ^ s ^ r, define commuting Q(f )-linear maps 

and set for each m ^ 1, 

r r 
s=l s=l 

By fl3.5.4.4p . pm = ^ri^ti) '^m = ^ri^m)- Thus, they both lie in S/^{n, r). Moreover, 

Z^{n,r) =Q{v)[pm,qm]m^i- 

Remark 5.2.2. The right action fl3.3.0.3p of Hjj^) on fi®'' induces an algebra ho- 
momorphism ipr '■ 'HA(r) — > EndQ(^,)(f2®'"). It is easy to see from the definition that 
for each m ^ 1, 

p„ = + ■■■ + and qm = V^.(Xf + ■ ■ ■ + X"'"). 

It is well known that for each m G Z, the element X{" + ■ ■ ■ + is central in H-Jj"). 
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Now let (Ti, . . . , (Jr (resp., ri, . . . , r^) denote the elementary symmetric polynomials 
in 01, ... , (j)r (resp., 0^"^, . . . , 07^), i.e., for 1 ^ s ^ r. 



(^s= ^ (resp.,r, = ^ ■ ■ ■ 0t/) 

Then as,Ts G Z^(n, r) and 

Z^(ra,r) = Q(tO[cri, . . . ,crr,ri, . . . ,rr]. 

Since 

= cr^^ and Ts = (Tr-sTr for each 1 ^ s < r, 

this implies that 

Z^{n,r) = Qiv)[ai, . . . ,a„a^-^]. 
Proposition 5.2.3. The set 

X := [a^^ ■ ■ ■ (T^riV^ I Ai, . . . , A,_i G N, A, G Z} 

forms a Q{v)-basis of Z^{n,r) . In other words, Z^(n, r) is a (Laurent) polynomial 
ring in ai, . . . , o^-, <J~^- 

Proof. It is obvious that Z^(n,r) is spanned by X. It remains to show that X 
is linearly independent. 

For i = («!,..., = (ji,...,jr) £ Z'', we define the lexicographic ordering 
i ^lox j if i = j or there exists 1 < s ^ r such that 

3ry ■ ■ ■ y'^s 3sy ^s — 1 ^ 3s — 1- 

Clearly, this gives a linear ordering on Z*". 

For each A = (Ai, . . . , A^-i, A^) G W'^^ x Z, define 

cr = cr^ ■ ■ ■ cr^_j^ a^'^. 

Then, by definition, for i = (ii, . . . , i,.) G Z*", we obtain thatH 

cr^(a;i) = Ui^x + ^ fojWj, 

i*A<leJ 

where all but finitely many 6j G N are zero and 

i * A = {ii — \-n, 12 — (Ar-i + Ar)n, . . . ,ir — (Ai + ■ ■ ■ + Xr)nj . 
Note that for A, /i G N'^^ x Z, 

i * X = i * fi <^=^ A = /i. 

Now suppose 



The linear maps ai and cr'*' should not be confused with the sum function a defined on Af/^.„(Z) 



and in §1.1. 
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where at e Q{v) and A^*) G W'^ x Z for 1 ^ t ^ m. Fix an i G Z*". Without loss of 
generality, we may suppose i * A*- ' <iex i * A(*) for all 2 ^ t ^ m. Then 

m 

t=i 

where x' is a linear combination of with i * A'-^^ <iex j- Hence, ai = 0. Inductively, 
we deduce that a* = for all 1 ^ t ^ m. This finishes the proof. □ 

Remark 5.2.4. It has been proved in |84] that the center of the affine Schur algebra 
of type A is isomorphic to the polynomial algebra Q[cti, . . . , cr^, cr~^]. It is natural to 
conjecture that ZA(n, r) = Q(t>)[(Ti, . . . , cr^, a~^] is exactly the center of SJji, r). 

Recall that Cj = C,r{Ei), = C,r{Fi), ti = ^r{Ki) for each 1 ^ i ^ n. Let S^{n,r)'^ 
denote the subalgebra of S^{n, r) generated by fij for 1 ^ i ^ n. Then, by |26[ 
Cor. 4.7(1)] (see also \\-\\ Lem. 3.29]), SJji.rY has a basis 

{«j = ■ ■ ■ I j = (Jl, ■ ■ • , Jn-l) e {W-')^r}, 

where (N""^)^r = {j = {ji, ■ ■ ■ , jn-i) G N""^ | ji + ■ ■ ■ + jn-i ^ r}. Let further 
Z^(n, r) be the subalgebra of ^^(n, r) generated by Z^(n, r) and ^^(n, r)°. 

Proposition 5.2.5. The multiplication map 

Z^{n,r) (8)q(„) Si,{n,r)° — > 7^A{n,r) 

is a Q{v)-algebra isomorphism. 

Proof. It remains to show that the set 

{cT^fij I A G N"-^ X Z, j G (N"-^)^J 

is linearly independent. By definition, for each i G Z*", where 
/(i, j) G Z is determined by i and j. Thus, by the proof of Proposition 15. 2. 3[ we infer 
that for A G N""^ x Z, j G (N"'^)^^, and i G Z^ 

i*A<icxj 

where all but finitely many cj G Q('y) are zero. 

Since i*A = i*/iif and only if A = /i, it suffices to show that for each fixed A, 
{cr^ij I j G (N"^^)<jr} is a linearly independent set. This follows from the fact that 
{tj I j G (N"^^)^r} is a linearly independent set. □ 

By the discussion above, the center of the positive part Si,{n,r)'^ of Si,{n,r) 
contains the polynomial algebra Q{v)[(Ti, . . . , a^] := Z^(n, r)"*", and the center of the 
negative part S^i^n, r)~ contains the polynomial algebra Q(f )[ti, . . . , r^] := Z^{n, r)~ . 
Moreover, 

SiJ^n, r)^ = Ua(?t., r)"^ ■ Z^(n, r)^ and ^^(n, r)~ = Ua(?t., r)~ ■ Z^{n, r)~ . 
For each m ^ 0, set 
SA{n,r)^ = SA{n,r)^ nSA{n,r)m and UA(n, r)^ = UA(n, r)=^ H UA(n, r)^. 
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Then we have 

«5A(n,r)± = 05,(n,r)± and U,(n, r)± = U,(n, r)±. 



m>0 m^O 



Note that for m ^ 1, p^, G SJji^r)^^ and G SJji,r)^^, and for 1 ^ s ^ r, 
cr^ e 5A(n,r)+ and G «SA(ra,r) 



imn 

I sn' 



Proposition 5.2.6. For each m ^ 0, 

dim«SA(n, r)^/UA(n, r)^ = |{A G Q^{n) \ A is periodic witha{A) ^ r, 0(A) = m}|. 

Proof. We only prove the assertion for the "+" case, and the "— " case is similar. 
By |12[ §8], the composition subalgebra <tjji)^ of Djji)^ has a basis 

{E\ I A G 0^(?T-) is aperiodic}, 

where E\ = u\ + ^-B<d a^b^b with all 5 periodic and r/^ G Q(f). Furthermore, 
by [101 §6], for A,B e e+(n). 

Thus, if A G 6^(n) is aperiodic with a{A) > r, then by (13.4.0. ip . 

UEt) = AiO,r)+ J2 VBBiO,r)=0. 



B<dgA 



Hence, for each m ^ 0, the set 



■= {^r{E^) I A G 0^(n) is aperiodic with cr{A) ^ r, ()(A) = m} 

is a spanning set for UA(n,r)+. By Proposition 13.7.4( 1). the set 

{A{0, r)\Ae e+(n), a{A) ^ r,d{A) = m} 

is a basis of Siln.r)'^. Hence, is a linearly independent set and, thus, is a basis 
of r)+ . This gives the desired assertion. □ 

Corollary 5.2.7. For each r ^ 2, 

S^{r, r)+ = UA(r, r)+ © Q{v)a\ and S^{r, r)- = V^{r, r)" © Q{v)t{. 

Proof. By Proposition 15.2.6^ 



dim5A(r,r) + /UA(r,r); 



1, if m 7^ and m = mod r, 
0, otherwise. 



Since ai = pi = ^ri,'^^), it follows from Theorem 13.8.1( 2) that «SA(r, r)+ is generated 
by Cj (1 ^ i ^ r) and ai. This implies the first decomposition. The second one can 
be proved similarly. □ 
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5.3. A presentation for «SA(r, r) 

In this section we give a presentation for Si^{r, r) by describing explicitly a com- 
plement of U/x(r, r) in S^{r, r). 

We first consider the general case and recall the surjective algebra homomorphism 
'■ 2)a(^) <5a('^!''^)- For each a = (aj) G N", we write in Di,{n), 

By f ll.4.2.ip . if a is not sincere, say Oj = 0, then 

Thus, if a is not sincere, then both Ca := C,r{u'^) and := ^r(u~) lie in UA(n, r). 
Now consider the following element p in EndQ(t,)(r2®^): 

i.e., p{uJi-^ • ■ ■ ® cjj^) = (g) ■ • ■ ® Wi^-i- It is clear that = ar & SJji, r). 
Lemma 5.3.1. Suppose r. Then 

p= Ca and = f^. 

aeN",CT(a)=r aeN",CT(a)=r 

In particular, ifn>r, then p, p^^ G \J^{n,r). 

Proof. For each a G N", let denote the set of the sequences j = (ji, . . . ,jr) 
satisfying that for each 1 ^ i ^n, 

tti = \{1 ^ s \ js = 

By Corollary I3.5.7[ we have for each (8> ■ ■ ■ (g) G fi'^'', 

jeYa 

where for m G Z, m denotes its residue class in Z/nZ. Therefore, 

( M^) ■ (wil (g) • ■ ■ = (g) • • ■ (g) Wi.-i, 

aeN",(T(a)=r 

that is, the first equality holds. The second one can be proved similarly. 

□ 

The above lemma implies that 

t's:=p- cs, f's := p~' - fs e U^ir, r), (5.3.1.1) 
where 6 = (1,...,1). More precisely, 

n 

c's = Y E (^-i)^""-'^ • ■ ■ (ei)^"^Hen)('^") ■ ■ ■ {ti+lY""'^'^ 

i=l agN" 

o-(a) — r,aj— 

n 



(5.3.1.2) 
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From now on, we assume n = r. By §1.4 and Theorem 13.8.1( 2). Si^{r,r) is 
generated by Cj,fj,tj (1 ^ i ^ n = r), and ts,fs. It follows from fl5.3.1.ip and 
(15.3. 1.2p that Si^{r,r) is also generated by the Cj,fj,tj, and p,p~^- Since 

S^{r, r)+ = V^{r, r)+ © Q{v)p = V^{r, r)+ © Q{v)ai and 
5^(r, r); = U^(r, r); © Q{v)p-^ = U^(r, r); © Q(i;)ri, 

it follows from Corollary 15.2.71 that 

S^{r, r)+ = UA(r, r)+ © Q{v)p' and 5A(r, r)" = UA(r, r)" © Q{v)p- 



■t 



(5.3.1.3) 

Remark 5.3.2. As a consequence of the above discussion, we obtain [35| Th. 3.4.8] 
which states that (for n ^ r with n ^ 3) there is a surjective algebra homomorphism 
Or : U — )■ «S/^(n, r) taking i? to p~^, where U is a Hopf algebra obtained from lJ/s{n) 
by adding primitive elements R, with RR~^ = R~^R = 1. It seems to us that 
U is not a quantum group in a strict sense since it does not admit a triangular 
decomposition. 

Proposition 5.3.3. For each 1 ^ i ^ r , we have in Si^{r,r), 

(1) tits = vts; 

(2) tits = ^;^efci_i ■ • • CiC^ • • ■ Ci+i; 

(3) fits = TT^c,_i ■ ■ ■ titr ■ ■ ■ ti+it;\ti+i - *,"+\); 

(4) i.u = vh; 

(6) e,,f, = ■ ■ ■ frfl ■ ■ ■ f^^li^l{i^ - K') ■ 

Proof. All these relations can be deduced from the multiplication formulas in 
Theorem 13.4.21 However, we provide here a direct proof for (1) and (2). The relations 
(4) and (5) can be proved in a similar manner. 

By definition, we have in 'X>A{f), 



where M = 5*1 © ■ • ■ © Si-i © ^42] © Si+2 ® ■ ■ ■ ® S,.. On the other hand, 

i^tY^t-l ■ ■ ■ UiU^I: ■ ■ ■ uf^^ = f (f ^ + '^)u'[2Si]'^tsi®-Si^i(BSi+i(B---<BSr] 

Since Ss+ei is semisimple of dimension r + 1, it follows that C.riuj'^^J = 0. Hence, 

1 



tits = ^riujuj) = iriuj-^^) = „ , „_i ^r((<) M+ ^ 



YC^Ci_i ■ ■ ■ titr ■ ■ ■ Cj+i, 



1 .2 



V + V 

which gives the relation (2). 
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The relation (1) follows from the fact that for each ® ■ ■ ■ ® ^ fi*^^, 

us ■ {uJi, ■ • • ® J = %,iT3T ■ ■ ■ 6j;^j;^UJi,-i ® • ■ ■ ® Wi^-i 

i^ii-i ® ■ ■ ■ ® Wj^-i, if 2i, . . . , V are pairwise distinct; 
0, otherwise. 

Note that if ii, . . . , v are pairwise distinct, then 

Ki ■ {ui^ ® • ■ ■ ® WjJ = ""^n ® • • ■ ® Wi^- 

□ 

The above proposition together with p = c'g + Cs and = + gives the 
following result. 

Corollary 5.3.4. For each 1 ^ i ^ r , we have in Si^{r,r), 

(QSl') it,-v)p=it,~v)c's; 
(QS2') dp = tit's + -^t'^id^i ■ ■ ■ Citr ■ ■ ■ ti+i; 
(QS3') Up = f,t', + Y^ti.^ ■ ■ ■ t,tr ■ ■ ■ ti+,t-\ti+i ~ 
(QS4') (t, - v)p-' = - v)f's; 
(QS5') f,p-' = Ufs + ^f?f.+i ■ ■ ■ f.fi ■ ■ ■ f.-i; 
(QS6') = t,f's + Tz^f ,+i---f fi ■ --h-iil^iit. - i-'), 

where t'^ and f'^ are given in (15.3. 1.2p . 

Theorem 5.3.5. The Q{v)-algebra «SA(r, r) is generated by ti,fi,tf^ (1 ^ i ^r) and 

p^^ subject to the relations 

(QSO') pp-^ = p-^p = 1, ptip-^ = Ci_i, pfip-^ = fi_i, ptip-^ = 

together with the relations (QS1')-(QS6') and the relations (QS1)-(QS6) in Theorem 
\5.1.3[ In particular, 

Proof. Let S' be the Q(f)-algebra generated by (1 ^ z ^ r) and r]^^ 

with the relations (QS1)-(QS7) and (QS0')-(QS6') (Here we replace Cj,fj,tf^, and 
p^^ by ^i,t)i,^f^, and r]^^, respectively). Thus, there is a surjective Q(f)-algebra 
homomorphism 

T : S' — > S^{r, r) 
f i I — > 

if 

Let U' be the Q(w)-subalgebra of «S' generated by Pi, rij, and if^ (1 ^ z ^ r). Then T 
induces a surjective homomorphism Ti : U' — )■ U/x(r, r). Since the relations (QSl)- 
(QS7) are the generating relations for UA(r, r), there is also a natural surjective ho- 
momorphism $ : UA(r, r) — )• U'. Clearly, the compositions Ti$ and $Ti are identity 
maps. Thus, both Ti and $ are isomorphisms. 
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It is clear that for each 7^ t G Z, p* hes in S/:,{r,r)rt- We claim that p* does not 
lie in Ui^{r, r)rt- Otherwise, applying relations (QS0')-(QS6') would give that 

p = p^p-^+^ G (U^(r,r),i)p-*+i C U^(r,r),. 

This implies S/^{r,r) = UA(r, r), which contradicts Lemma 15. 2.11 Hence, p* ^ 
UA(r, r)rt for all ^ t G Z. 

For each m G Z, choose a Q(f )-basis Bm of UA(r, r)m- Then the set B := UmezBm 
forms a basis of UA(r, r). Moreover, by the discussion above, the set U {p* | 7^ t G 
Z} is linearly independent in Si^{r, r). On the other hand, by the definition of «S', the 
set 

{^{c) I c G -B} U {r/'" I ^ m G Z} 

is a spanning set of «S'. Since T($(c)) = c and T{ri"^) = p™, it follows that the 
above spanning set is a basis of S' . Therefore, T is an isomorphism. This finishes 
the proof. □ 

Remark 5.3.6. We can also present «SA(r, r) by using generators ej,fj,tp (1 ^ i ^ 
r), cs and f^, but the relation between ts and is not clear. Furthermore, if we 
use generators ui and ri instead of p and p~^, the relations would be much more 
complicated; see the example below. From the relations obtained in the case n = r, 
it seems very hard to get the relations for the general case n < r. 

Example 5.3.7. We consider the special case n = r = 2. In this case, Ua(2, 2) = 
^2(Ua(2)) is generated by ti,fi,ti for i = 1,2, and Za(2, 2) = Q(t;)[(Ti, ct2, 0-2"^]. More- 
over, p G EndQ(i;)(r2®^) is defined by p{u]s ® cot) = ^s-i ® cot-i and satisfies p^ = (T2. 
A direct calculation shows that 

P = — - — 7(ei + C1C2 + C2C1 + C2 - (Ti). 

By (I5.3.1.3p . we obtain that 

5a(2, 2)+ = Ua(2, 2)+ © Qiv)p"^ = Ua(2, 2)+ © > 



Similarly, 



P'' = —^ifi + fif2 + fsfi + fl- n] 



V + v~ 
and 

5a(2, 2)- = Ua(2, 2)- © Q(t;)p""^ = Ua(2, 2)" © q{v)T^. 



Hence, ctiTi G Ua(2, 2) and 

5a(2,2) = Ua(2,2)© Q(t;)p™ = UA(2,2)©0(Q(i;)ar©Q(t;)rr). 
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Furthermore, the following relations hold in «Sa(2,2): 

CTiCl = Clt2tl, (J1C2 = C2C1C2, 
Tlfl = flf2fl5 Tlf2 = f2flf25 

0"lfl = eiC2fi + fiC2Ci, (Tifa = C2Cif2 + f2CiC2, 
^1^1 = flf2^1 + eif2fl, ^1^2 = f2fl^2 + C2fif2, 
Cri(ti - 1^) = (C1C2 + C2Ci)(ti - t;), Z = 1, 2, 

ri{ti-v) = {f,f2 + f2h){ti-v), 2 = 1,2. 



(5.3.7.1) 



Remark 5.3.8. Recall from §2.2 that 2Da(^) is the 2-subalgebra of 2)a(^) gener- 
ated by Kf\ [^f], z+, z;, and K")^'") for i e / and s,t,m ^ 1. By 
Proposition 13.6.1] and Corollary 13. 7. 5^ all ^r(z^) he in S^{n,r). Thus, the Q(f)- 
algebra homomorphism C,r '■ 2)a(^) ~^ ^a{^j induces a 2-algebra homomorphism 
ir,z '■ 2)a(^) — SiJ(n,r). By CoroUary 13.8.21 ^r,z is surjective in case n> r. However, 
it is in general not surjective as shown below. 
Let n = r = 2. By Theorem I5.3.5[ 

5a(2,2) = Ua(2,2)© Q{v)p^, 

where p = EaGN2,<7{a)=2 and p-^ = EaGN2,<T{a)=2 fa; See LemmaEXH By definition, 
^a = ^r(Wa) and fa = ^r{u~). It follows that p and p~^ lie in iSa(2,2). Using an 
argument similar to the proof of Corollary 13.8.21 we can show that 5a(2, 2) can be 
generated by t'f^\ fl"^^ (i = 1, 2, m ^ 1), (A G Aa(2, 2)), p and p^^. Thus, we obtain 
that 

5A(2,2) = t/A(2,2)© Zp"^, 

where [4(2,2) is the Z-subalgebra of «Sa(2, 2) generated by t^l^\fl^\ ix for i = 1,2, 
m ^ 1, and A e Aa(2,2). 

On the other hand, the image Im^ for ^ := ^2,2 : 2}a(2) 5a(2,2) is the Z- 
subalgebra of 5a(2,2) generated by tf\ [*f ], C(z+), C(z;), 4"'^ and f[""^ for i = 1,2 
and s,t,m ^ 1. Since Ui = ^{z^) and ri = ^(z]~), we have by the example above that 

e(z+) = -{V + V-^)p + (C^ + C1C2 + C2C1 + c^) 

and 

e(zr) = -(t; + v-')p-' + (f? + f + Uh + fs)- 

Furthermore, for each s ^ 1, 

(e(zf ))^ - T.ti^'" {',Wt2t)P^'\ if ^ is odd; 
(e(z^))^ - Etli (:)e(z^2JP^'*, if s is even. 

By ( I5.3.7.ip . all the elements 

c,p±\ Up^\ p^\„ p^\i 
lie in Ua(2, 2) for i = 1,2. Thus, an inductive argument implies that for each s ^ 1, 

azf) ^ {~iy{v^ + v-^)p^^ mod f/A(2,2). 



a4 
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From fl5.3.7.ip it also follows that 

tip^^ = vp^^ = p^^ti mod Ua(2, 2) for i = l,2. 

We conclude that neither of p and lies in Im^. Therefore, the ^-algebra homo- 
morphism ^ = ^2,z '■ 23^(2) — i- 5^(2, 2) is not surjective. 



5.4. The realization conjecture 

We now look at the realization problem for quantum affine In the non-affine 
case, Beihnson-Lusztig-MacPherson [3] provided a construction for quantum g[„ via 
quantum Schur algebras. In order to generalize the BLM approach to the affine 
case, a modified BLM approach has been introduced in [23] . On the one hand, this 
approach produces a realization of quantum 0[„ which serves as a "cut-down" version 
of the original BLM realization. On the other hand, most of the constructions in this 
approach can be generalized to the affine case. The conjecture proposed below is a 
natural outcome from this consideration; see |23[ 5.2]. 

Let ]Ci^(n) be the 2^-algebra which has Z-basis {[^]}Agea(n) multiplication 
defined by [A] ■ [B] = if co{A) =^ to{B), and [A] ■ [B] as given in S^{n,r) if co{A) = 
To{B) and r = cr(y4), where co{A) (resp., ro(y4)) is the column (resp., row) sum 
vector associated with A (see §1.1). This algebra has no identity but infinitely many 
idempotents [diag(A)] for all A e N^. Moreover, )C/s^{n) = Q)r^oS/^{n,r). (Note that 
iSA(n, 0) = Z with a basis labeled by the zero matrix.) 

Let K^{n) = ICi^in)^^^'^ and let K^{n) be the vector space of all formal (possibly 
infinite) Q(f )-linear combinations J^AeeAin) which have the following properties: 

for any x G N^, 

{Ae e,{n) I /3a + 0, ro(A) = x} 
the sets , , ^ / n , ^ , / ,n are finite. (5.4.0.1) 

{A e e^in) \(3a^0, co{A) = x} ^ ' 

In other words, for A, /i G N", both 

^ /3A[diag(A)] ■ [A] and J] Pa[A] ■ [diag(/i)] 

are finite sums. Thus, there is a well-defined multiplication on ICJji) by setting 
( E E Pb[B]):= E o^aPb[A][B]. 

This defines an associative algebra structure on K,[^{n). This algebra has an identity 
element X^AeN^' ['ii^s('^)]; ^um of all [D] with D a diagonal matrix in 0a(^), and 
contains K,i^{n) as a natural subalgebra without identity. Note that ICJ^n) is iso- 
morphic to the direct product algebra Y\r>Q^i\ij^if)i and that the anti-involutions r^. 
given in fl3.1.3.4p induce the algebra anti-involution 

r AG0A(n) Ag0A(n) 



5.4. THE REALIZATION CONJECTURE 



133 



For A e e^(n) and j G Z^, define A(j) G K^{n) by 

^(j)= 5^t;"-j[A + diag(A)], 

where A . j = Ei^i^n^iJi- Clearly, A{}) = Er^o^O''^)- 

Let 2lA(n) be the subspace of K/^{n) spanned by A{j) for all A G 0^(?t-) and 
j G Z^. Since the structure constants (with respect to the BLM basis) appeared in 
the multiplication formulas given in Theorem 13.4.21 are independent of r, we obtain 
immediately the following similar formulas in ^2^^{n). Here, again for the simplicity 
of the statement, we extend the definition of A{j) to all the matrices in M„_/^(Z) by 
setting ^(j) = if some off-diagonal entries of A are negative. 



Theorem 5.4.1. Maintain the notations used in Theorem 3.4-2. The following mul- 
tiplication formulas hold in 21a(?t-) 

0(j)A(j') =t;j"°(^M(j+j'), 

. (5.4.1.1) 

^(j')0(j)=t;J-(^)A(j+j'), 
where stands for the zero matrix, 



E,Vi(o)^(J) 




(A + E,^-EtM)(j + «^ 



(A + E,^,-Et,,)(j) 



i>h+l;ah+ij>l 

{A - E,\,,,)(j + g^) -{A- i^,\,_,)(j + ^t) 
1 - 



+ v 



<lh,h+l + 1 
1 



(A + E,Vi)(J;. 



(5.4.1.2) 



<+i,.(0)A(j) = 5^ 



0'h+l,i + 1 
1 



(A-E,^ + E,v,)(j) 



j>/i+l;a;j j>l 



1 



+ v 



f'(h- 



{A - El^^,){^ - g^) - (A - El^^,){^ + /3^) 



l-y- 



0'h+l,h + 1 
1 



(5.4.1.3) 



There is a parallel construction in the non-affine discussed in [231 §§]• By 

removing the sub/superscripts A, we obtain the corresponding objects and multipli- 
cation formulas in this (non-affine) case. Since the quantum qI^, denoted by U{n), is 
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generated by Ei, Fi and Kj (1 ^ i ^n — 1,1 ^ j ^ n), the corresponding multiplica- 
tion formulas define an algebra isomorphism \J{n) — )■ 2t(n) sending to Ehh^i{0), 
Fh to Eh^i^fi{0) and Kj — 0(ej). In this way, we obtain a realization of the quantum 
This is the so-called modified approach introduced in [23j. In this approach, 
the algebra K{n) as a direct sum of all quantum Schur algebras «S(n, r) is just a 
homomorphic image of the BLM algebra K constructed in [iSj, which is isomorphic to 
the modified quantum group \J{n). However, since we avoid using the stabilization 
property (see [3, §4]) required in the construction of K, it can be generalized to obtain 
the affine construction above. 

The Q(t>)-space 2lA(n) is a natural candidate for a reahzation of 2)a(^) = U(g(„). 
Since 2)a(^) has generators other than simple generators, the formulas in Theorem 
15.4.11 are not sufficient to show that 2lA(n) is a subalgebra. However, as seen in |23[ 
5.4 &7.5], these formulas are sufficient to embed the subalgebras V^in), Sj^{n)''^ and 
Sj^{n)^^ into 21a(^). Thus, it is natural to formulate the following conjecture. 

Conjecture 5.4.2. The Q(f )-space 21a(?t-) is a subalgebra of K,^{n) which is isomor- 
phic to 3DA(n), the quantum gl^. 

As seen in §1.4, there are three types of extra generators for I^Jji). We expect 
to derive more multiplication formulas between these extra generators and the BLM 
basis elements for SJji^r) (see, e.g.. Problem 16.4.21) and, hence, to prove the conjec- 
ture. As a first test, we will establish the conjecture for the classical {v = 1) case in 
the next chapter. We end this section with a formulation of the conjecture in this 
case. ^ 

Let Z Qhe the specialization by sending f to 1, and let /Ca('^)q be the vector 
space of all formal (possibly infinite) Q-linear combinations X^AeeaCn) satisfying 
(15.4.0.11) . Here [A]i denote the image of [A] in S/s^{n,r)Q. For any r > 0, A E Q^{n) 
and j e N2, define in S^{n,r)Q (cf. [301 (3.0.3)]) 

A%r] = |^A.A.K.-.(A)) + diag(A)]i, if a(A) ^ r; ^^^^ ^.i) 

' lo, otherwise. 

where = nr=i Af • (These elements play a role similar to the elements A{j,r) for 
affine quantum Schur algebras. See §6.2 below for more discussion of the elements.) 
Let 

oo 

A[j] = J2M3^^]^Un)Q. (5.4.2.2) 

Then the classical version of Conjecture 15.4.21 claims that the Q-span 2lA,Q[Ti] of all 
A[ji] is a subalgebra of /Ca('^)(q which is isomorphic to the algebra 

S)a(^)q := ^^in)Q/{Ki - 1 I 1 ^ i ^ n), 

where D/^{n) is the integral form defined at the end of §2.2. We will prove in §6.1 
that the specialized algebra 2!)a(?t-)(q is isomorphic to the universal enveloping algebra 
W(gl„) over Q introduced in §1.1. 
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5.5. Lusztig's transfer maps and semisimple generators 

In [59] Lusztig defined an algebra homomorphism (f)r,r-n '■ «5a(^, r) — > S/s^{n, r — n) 
for r ^ n, called the transfer map. In this section, we describe the images of A[0, r) 
and *y4(0,r) under (f)r,r-n for all A = Ax = XlLi ^i^ti+i ^ 0a(^)- 

Throughout this section, for a prime power q, S^^^n, r)c = 5A(n, r) (g)^ C always 
denotes the specialization of ^^(n, r) by at f = ^/q. In other words, ^^(n, r)c is a 
C-vector space with a basis {e^ = ® 1 | ^ G Oa(^, see Definition 13.1.11 

We first recall from |59l §1] the definition of (f)r,r-n- 

As in §3.1, let be a free F[£:, e~^]-module of rank r and let = be 
the set of all cyclic fiags L = (Lj)jg2, where each Lj is a lattice in V such that 
Li-i C Li and = eLj for all i e Z. If F is the finite field with q elements, then 
we use the notation W = ^(g) for ^ and iSA(n, r)c is identified with Cg(^ x '3^), 
where G = Gy is the group of automorphisms of the F[£:, e~^]-module V. Given 
L = (Lj), L = {Li) G t^A with L C L, i.e., L^ C Lj for all i G Z, L/L can be viewed 
as a nilpotent representation of the cyclic quiver A(n); see §3.6. 

As in (ll.2.0.7p . for each A = (Ai)igz G N", let S'a = ®i^i^nKSi, where 5", 
denotes the simple representation of A(n) corresponding to the vertex i, and set 
^A = Ei^.^nA*^tmeeA(n). 

For A G e^(n) and j G Z^, let A(j,r) G 6'a( n, r) be the BLM basis elements 
defined as in f l3.4.U.ip . We also view y4(j, r) as an element in SJji, r)c via specializing 
V to ^yq. 

By Corollary [3S21 for all A G and L = (Li), L = (Zi) G ^a, we have 

A,(0,r)(L,L) = I if L C L and L/L ^ 5.; ^^ ^ g g) 

0, otherwise, 



where 



c(L,L)= ^ dim(Li+i/Li+i)(dim(Li+i/Li) - dim(Li/Li)) 
= ^ dim(Li/Lj)(dim(Li/Li_i) - dim(Li/Li)). 



Moreover, 



0(A.r)(L.L) = |«;"'- ■f^;;'^=L,^ (5,5,0,4) 

where fi = {ni) G with /Xj = dimLj/Lj_i. 

Now let r, r', r" ^ satisfy r = r' + r" . Let V^" be a direct summand of V of rank 
r". Set V = V/V". Define vr' : ^A,n(^) ^ ^A.nlV''),!- ^ V (resp., vr" : ^^„(V^) ^ 
^A,n(V^"),L^L") by setting 

L: = (L, + V")/V" (resp., L^' = n V") 

for all i G Z. Thus, for each i G Z, there is an exact sequence 

^ LI /LI, L:JL,^, L^/Ll, 

of F-vector spaces. 
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Let F be the finite field with q elements. Following |59l 1.2], let S : SJji,r)ic — >■ 
SJji-, r')c ® <S^{n, r")c be the map defined 

S(/)(L',L',L",L")= Yl /(L,L) 

for / e 6k(n,r)c, where L',L' e ^^n{V'), L", L" G ^A.nlV'"), and L is a fixed 
element in ^A,n(^) satisfying tt'(L) = L' and vr"(L) = L", and the sum is taken over 
all L G ^A.n(^) such that 7r'(L) = L' and 7r"(L) = 
For two lattices L, L' in ^, define 

(L : L') = dimF(L/Z) - dimF(L7Z), 

where L is a lattice contained in L fl L' . For L = (Lj), L' = (L^) G ^,n(^), set 

n 

(L : L') = ^(L, : L^). 

i=l 

We finally define a C-linear isomorphism ^ : SJji,r)c — )■ ^'^(n, r)c by 

e(/)(L,L') = g(^^^')/V(L,L') 

for / G 5A(T7.,r)c and L,L' G ^n(^)- Then ^ is an algebra isomorphism; see |59[ 
1.7]. 

As before, let 5 = (Si) G with all 5j = 1. For each A = (aij) G Qi^{n,n), if 
ro(^) 7^ 5 or co(y4) 7^ 6, then we set sgn^ = 0. Suppose now ro(y4) = co(74) = S. 
Then there is a unique permutation w : Z ^ Z such that j = In this case, 

we set sgn^ = (— 1)^'^^("'), where 

lnv{w) = E Ij^ \ 1 ^ i ^ n,i < j,w(i) > w{j)}\ 

(cf. §3.2). By |59[ 1.8], there is an algebra homomorphism x '■ '^^(n, n)c — )■ C such 
that x{^a) = sgn^. In particular, for 1 ^ i ^ n and A G Z", 

x(£^,+i(0,n)) = 0, xiEf^iAO,n)) = 0, x(0(A,n)) = q^'-'^'. 

Suppose r ^ n and let 4>j^r-n denote the composition 

Lusztig |59j showed that for each pair A G Qi,{n,r) and B G Q^{n,r — n), there 
is a uniquely determined polynomial fA,B{v,v~^) E Z = Z[v,v~^] such that for each 
finite field F of g elements, 

B€eA{n,r-n) 

This gives a Q(v)-algebra homomorphism (j)r,r-n '■ ^Ai^, r) — )• SJji, r — n) defined by 
setting 

BGe^{n,r-n) 

■^The map S is denoted by A in [59]. 
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which is called the transfer map. Moreover, (j)r,r-n takes 

i^+i,(0,r)^i?tfi.(0,r-n), 
0(A,r) I — > v^-^0{\,r-n) 

for i G Z and A G Z^. 

By the definition, for each z G /, we have 

(pr,r-nUKi) = V 0{ef,n - r) ^ 0(ef , n - r) = ir-n{K,). 

Thus, (f)r,r~n^r 7^ 6r-n- However, if we view U(s[„) as a subalgebra of ©^(n) generated 
by Ei, Fi, Ki for i G / and denote the restriction of (resp., ^r-n) to U(sl„) still by 
(resp., C,r-n), then (pr,r-nC,r = C,r-n, 1- G., the foUowing triangle commutes 

U(5[„) 

As a result, there is an induced algebra homomorphism U(s[„) — > lim<SA(r;,, n + m); see 

[591 3.4]. As seen above (a fact pointed out by Lusztig in [59]), if U(5[„) is replaced 
by \Ji,{n), then the diagram above is not commutative. Hence, the homomorphism 
\J{sln) — >■ limS/^{n,n + m) cannot be extended to XJ^Jji), nor to 2)a('^)- However, it 
is natural to ask if this homomorphism can be extended to the double Ringel-Hall 
algebra ''J^Jji) introduced in Remarks 12.2.8( 3). which has the same 0-part as U(5[„). 
We now show below that this is not the case. 

It is known from §3.7 that SiJji.r) is generated by the AxiQ.r), ^A\{Q,r) and 
0(ef,r) for A G and i E I. In the following we describe the images of A\{Q.,r) 
and *AA(0,r) under (pr,r-n- As in §2.1, for A = (A^) G Z", define rA G Z^ by setting 
(rA)j = Ai_i for all i G Z. 

Proposition 5.5.1. Keep the notation above. Let¥ be the finite field with q elements. 
For each X = (Xi) E , we have 

S(A(0, r)) = ^^^■"''""^■"^/'^^(O' ^')0(i^, r') ® A,{0, r")0(-/i, r"). 

fi-'ru—X 

Dually, we have 

S(*Aa(0, r)) = J2 q^^-^'"^^-''^^^ ■ %{0, r')0(rz/, r') ® %{0, r")0{-Tfi, r"). 

Proof. We only prove the first formula. The second one can be proved similarly. 
For fi + u = X with fi^v E N^, we write 

= A^(0, r')0(z/, r') ® A,(0, r")0(-/i, r"). 




n] 
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Thus, it suffices to show that for all fixed L',L' G ^t^niy') and L",L" G ^ts,niy"), 
S(A(0,r))(L',L',L",L")= g^^-^^'^'^'^/'^M.^lL', L', L", £")• 

By the definition and f l5.5.0.3p . we obtain that 

S(AA(0,r))(L',L',L",L") = ^ Aa(0, r)(L, L) = A,(dimL./L._i-A,))/2^^ 

L 

where £ denotes the cardinality of the set 

^ := {L G ^^niy) I L C L, L/L ^ ^a, vr'(L) = 7r"(L) = £"}. 
Now let L G For each i & Tj, consider the projection 

9r.L,^^ = {U + V")/V". 
Thus, e-^(Li) =U + Li n V" = L, + L'l and Li/9^\Li) ^ L^/Z^. This implies that 

dim 9^^ (Li) / Li = diniLj/Lj — diniL^/L^ = diniL"/!/". 
The semisimplicity of L/L = Sx shows C Lj. Hence, we have the inclusions 

+ Z;' C Z, C e7\L,) = U + L'l C L,. 

Then 

er\Li)/{L,.i + Zn = Z,/(L,_i + Zf) + (L,_i + + Zn and 

dime,ri(Z,)/(L,_i + Zn = dmZ,/(L,_i + Z^') + dimL'UL'i 
The inequality dim(Li_i + L^')/(Lj_i + ^ dimL^'/L^' gives that 

dim(Li_i + L'l)/{L,^i + Zn = dmiL'l/L'l and 

^ ^ri(Z,)/(L,;_i + I'D = L,/{L,^, + I'D © + L^Ai^i-i + K). 

Thus, Li/{Li_i + L'D is a complement of + L")/(Lj_i + L"). 
Consequently, 

i= n 

where £i is the number of subspaces in 9^^ (L^) / (Li_i + L'D which are complementary 
to + LD/{Li., + LD- Further, 

dim^ri(Z,)/(L,_i + Z'/) = dimL,/(L,_i + Z^ - dimL,/^ri(Z,) 
= dimL,/(L,_i + LD + dim(L,_i + LD/{L,_^ + L'D - dim L'JL'^ 
= dimLi/L,_i - dim(Li_^+ LD/Li^, + dim L'l /L'l - dimL'jL', 
= dimL^/LU + dimLf/Lf-dimL^/L:. 

Therefore, 

We finally get that 

S(AA(0,r))(L',L',L",L")=g'^/^ 



^1 

' 1 L', L", L") 



5.5. LUSZTIG'S TRANSFER MAPS AND SEMISIMPLE GENERATORS 139 

where a = Ei^»^n(-^^(din iL,/L, i - A, ) + 2 dim L'{/L'l{dim L'JL[_^ - dim L'JL'^). 
On the other" hand, by fl5.5.0.3p and fl5.5.U.4p . 

^ L' C L', L" C L", L'/L' = S^, L" /L^ = S, 

^L[ <Z L^, L'l C L^', VJV, = F^s L^'/L^' = G Z. 

Moreover, if this is the case, then 
^^,,(L', L',L",L" 
=A^(0, r') (L', L')0(z/, r') (L', L') A,(0, r") (L", L")0(-/^, r") (L", L' 

where 6 = -c(L', L') - c(L", L") + J2l^i^ni^^ dmvL'jL'^^^ - /i, diml'l/L'U). Since 

dim L'jL'i_^ = dim L^/L^.^ + /i^.i - /i^, dim L'l/ L'U = dim L^'/L^'.^ + z/^.i - z/^, 
it follows that 

h=Y,{-^^^ dim L:/L:_, - V, dim L^'/L^, + + 

+ ViL\lL\_^ - /ij dimL-7lv-'_i + Viiii^x - /ii^^i-i) 
=a + r/i . z/ — . rz/. 

Note that Aj = /Xj + Vi and dimLi/Li_i = dimL^L^^ + dimL-'/L-'^j^ for all i ^ 7j. 
Therefore, 

S(A,(0,r))(L',L',L",L")= g('^--'^--'^-^)/2vl/^,.(L', L", L"), 

which finishes the proof. □ 
Corollary 5.5.2. Suppose r ^ n. If X = (Aj) G satisfies Aj ^ 1 /or a/H G Z, then 

(f)r,r-n{Ax{0, v)) = Ax{0, T - u) + Ax-siO, T - u) ■ 0(5, T - u) 

and 

(j)r,r-nCAxiO, r)) = *Aa(0, r - h) + 'Ax-siO, r-n)- 0(5, r-n). 

Proof. Write r' = r — n. Fix a finite field F with q elements. Then applying the 
above proposition gives 

H(Aa(0, r)) = ^^'^■""""'^"^/'^/.(O, r')0(z/, r') ® A,(0, n)0(-/i, n). 

If a{u) > n, then A^{0,n) = 0. If 1 ^ a(z/) ^ n and z^ 7^ 5, then x(^i.(0,n)) = 0. 
Thus, 

(l)ly{Ax{0,r)) = {^®xMAx{0,r)) 
=aAx{0, rO)x(0(-A, n)) + ^AxsiO, r')0{S, r'))x(^(0, n)0(-A + S, n)) 
=Ax{0,r') + Ax-s{0,r')0{6,r'). 
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The second formula can be proved similarly. 



□ 



By the above corollary, if A = (Aj) G satisfies Aj ^ 1 for alH e Z and a{X) ^ r, 
then 

(f)r,r-n^r{Ax{0,r)) ^ ^r-n{Ax{0,r)) and 

<i)r,r-nU'MO,r)) ^ ^r-nC^A (0, r) ) . 

This shows that the transfer maps (j)r,r-n are not compatible with the homomorphisms 



CHAPTER 6 



The classical {v = 1) case 

Let U{glj^) be the universal enveloping algebra of the loop algebra 0t„(Q) as men- 
tioned in §1.1. We will establish, on the one hand, a surjective homomorphism from 
to the affine Schur algebra ^^(n, r)Q via the natural action of sl„(Q) on the 
Q-space Qq, and prove, on the other hand, that W(g[„) is isomorphic to the spe- 
cialization D^{n)Q of the double Ringel-Hall algebra at f = 1 and Ki = 1. 
In this way, we obtain a surjective algebra homomorphism rjr : 'D^{n)fQ — > ^^(n, r)Q 
which is regarded as the the classical {v = 1) version of the surjective homomorphism 

'■ 2)a(^) — ^ <S/s^{n,r). We then prove the classical version of Conjecture 15.4.21 via 
the homomorphisms r^^. A crucial step to establish the conjecture in this case is the 
extension of the multiplication formulas given in §3.4 to formulas between indecom- 
posable modules of imaginary roots and arbitrary BLM basis elements. This is done 
in §6.2. The conjecture in the classical case is proved in §6.3. 

In order to distinguish the specializations at non-roots of unity v = z & C consid- 
ered in previous chapters from the specialization at f = 1, we will particularly consider 
the specialization Z — )■ Q by sending t> to 1 throughout the chapter. Thus, T-LiJ^r-)^ 
identifies the group algebra Q©A,r, is the Q-space with basis {wjjjgz? and S^{n, r)q 
identifies the classical affine Schur algebra. In other words, SJji^ r)^ = End(Qea,r(^Q'')- 

6.1. The universal enveloping algebra W(g(„) 

Recall from §1.1 the loop algebra 0t„(Q) has a basis {-Ef Thus, the 
natural action of these basis elements on VLq defined by 

^A^^ ^ I Wi+tn iik = j + tn- (6 10 1) 

^'■^ 1 otherwise 

gives rise to aU (g[„)-module structure on Qq, and hence, on the r-fold tensor product 
flq". Thus, we obtain an algebra homomorphism 

r]r : W(g[„) — > S^{n,r)Q. 

The surjectivity of rj^ was established in |83[ Th. 6.6(i)] by a coordinate algebra 
approach. We now present a different proof by identifying the above action with the 
Hall algebra action as discussed in §§3.5-6. We first interpret the ±-part of W(g[„) as 
the specialization of Hall algebras. We need the following in this interpretation. 

Lemma 6.1.1. Fori ^k^t, let Ak = (aj^),^ = (6,j) G e+(ra). 

(1) IfaiB) ^ ELi^(A) B ^ ELi^k, then (v' - 1)K,^„„„^,. 
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(2) IfB = Zi=iAk, then 
iv' - 1) 



Proof. By using |64l p. 441, Lem.] and |66l Prop. 3], the assertion can be proved 
in a way similar to the proof of [61, Prop. 4.1]. □ 

Since S^i,{n)Q = Sj^in)^ and Sji,{n)fQ = Sji,{n)'^, it follows that Sj^in)"^ is generated 
by u^^ for all i < j. Here and below, the subscripts 1 indicate those elements in 

^A{n)tn obtained from elements in Sji^{n) by specializing v to 1. 



Theorem 6.1.2. Suppose V({gln)^ (resp., W(gt„) ) is the subalgebra o/W(0[„) gen- 
erated by E^j (resp., Ej'^J for all i < j ■ Then, for each e G {+, — }, there is a unique 

algebra isomorphism U{q{^^ — )■ S^^{nY^ taking E^j (resp.,Ej ^ ^ ) for 

all i < j. In particular, there are algebra embeddings 

Proof. It suffices to prove the + case. Let gl^ be the Lie subalgebra of g{„ 
generated by E^j {i < j). Then is isomorphic to the enveloping algebra of 

qC and in W(gl„)+, 

[E^, = - Sj-E^,+i.i for J, kJeZ. 

On the other hand, by Lemma [6.1.11 for i < j and k < I, we have in ^^^^{n)^, 



— W 



z,j kd k,l t,j i,l+j — k 



Thus, there is an algebra homomorphism / : — )■ S)^{n)^ such that f^E^j) = 
u'^ for i < j. Let C = \ I ^ i ^ n, j G Z, i < j}. By Lemma [6.1.11 again. 



Ef- .,1 
1,3 



we see for any A = Y.{i,j)ec°'hj^ij ^ '^ti'^)^ 

where fs & Z and the products are taken with respect to a fixed total order on £. 
Hence, the set 



(ij)e£ 

is a Q-basis of S)iJ(n)'^. Thus, / sends a PBW-basis of W(gl„)"'" to a basis of i3^(n)Q. 
Consequently, / is an isomorphism. □ 

Recall from Proposition 13.6.11 that S^iJyu)'^ act on the 2^-free module Vt via the 
maps 0. These induce actions of S^tin)"^ on VLq via the maps 
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Again, in the following the subscripts 1 indicate those elements in ^^(n, r)^ obtained 
from elements in S/:,{n,r) by specializing v to 1. 

Lemma 6.1.3. For any r ^ 0, we have rjr o = (^^^. More precisely, we have 
r]r{Et^^) = Et/0,r), for i ^ j and r]r{Et,,) = where k^,, := 0(ef,r) € 

Si,{n,r) and is defined as in fll.l.0.6p . Moreover, the elements {^i'") '■= 

Proof. By Proposition 13.5.21 and Theorem I3.6.3[ S^Ain)^ acts on Qq via Ci^^: for 
i < J, 

+ \uJi+tn, iik = j + tn, _ ]ujj+tn, if k = i + tn, 

u ujk = \ and u Uk = \ 

10, otherwise ^jj-^ 10, otherwise. 

This action agrees with the action of E^^ on VLq defined in fl6.1.0.ip . On the other 
hand, by Propositions [L574r b) and ll.5.6( b^). we have A(n^ ) = u"^ ®l + l®u^ 



E9- .,1 



Thus, the action of E^- on Q!^ agrees with the action of u^^ , proving the first 
statement. 

For A G A^(n, r), let be defined as in the proof of Proposition 13.3.11 Since 

E^^^iui^w) = XiUi^w = for all w G 6A,r, we have T]r{E^^i) = 

Hence, 



Et 



E (A.-^)[diag(A)]i') 
J2 (^;)[diag(A)]i: 



AGAa{n,r) 



kj J.; 



as required. □ 

Theorem 6.1.4. Identifying i3A(^)Q with via , the map rjr is surjective 

and rir{u\ = A{0, r)i and rir{u'^ = *A(0, r)i for A G Q^{n). 

Proof. The first assertion follows from Proposition 13.6.11 and Theorem 13.7.71 
Since Sj^in)^ is generated by m^a i for i < j, the second assertion follows from 

Lemma [6 . 1 . 3 1 and Proposition 13.6.11 □ 

Let T)^{n) be the integral form of S)a(^) defined right after Remark 12.2.91 We 
now prove that the specialization Di,{n)fQ of 5?a(^) at f = 1 and i^'j = 1 is isomorphic 
to the universal enveloping algebra W(gl„), and thus, via the theorem above, we 
establish a surjective homomorphism C,r from D/:,{n)Q to the affine Schur algebra; cf. 
Clearly, C,r is a specialization of the homomorphism defined in fl3.5.4.3p . 
By specializing f to 1, Q is regarded as a 2^-module. Consider the Q-algebra 



DA(n)Q := ^^in)Q/{K,, - 1 | 1 ^ z ^ 

= (DaH ®2 Q[v, v"'])/{v -l,K,-l\l<:i<:n). 
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We have used and will use the same notation for elements in D^{n)Q and Di^^n)^. 
Let 5[„(Q) = slniQ) ® Q[t,t-^] and set gl^ = gll{Q) = si„(Q) © QE\ where 
= Ei^i^n^i^i is in the center of Qi^iQ). Then the set 

X :={i?i),+,„ ^n,t^j,leZ}U{Et^,\l^t^n} 
U {Et,^,^ - I 1 ^ 2 ^ n - 1, / G Z, / ^ 0} 

forms a Q-basis for Let = Xlis;fc^;n ^th+mn m 7^ 0. Then X U {z^ | m e 
Z, m 7^ 0} forms a Q-basis for gl„ = gl„(Q). By the PBW theorem, 

UiSlJ = Uiglt) ® Q[zMez\m, (6.1.4.2) 

where W(g[„) is the enveloping algebra of gl^. Note that the z^, are central elements 
in Uidln)- 



Theorem 6.1.5. There is an algebra isomorphism : S}a(^)q W(gl„) defined by 
sending [''f] to (^f), ^ (E5+i)-/m!, to (E^i^J^/m!, z+ to z, 

and z7 to z_s for 1 ^ i ^ n and m, s,t ^ 1. 

Proof. Let U^{n) be the Z-subalgebra of 1>Ain) generated by ATf^ 

and for 1 ^ i ^ n and t, m ^ 1. By [Ml 6.7] and [M], special- 

izing to 1 induces an algebra isomorphism 



a : f4(n)Q := Uj^n\/ {Ki - I \ l <: i <: n) W(glJ 

defined by taking [^f ] ^ (^|»), ^ (E^+J'"/m!, (m,")^™^ ^ 

for 1 ^ i ^ n and m, t ^ 1. 

Let t be the natural algebra homomorphism induced by the inclusion Ujji) C 
SA(n): 

L : f4(n)Q ^ SIHq = 2)A(n)Q/(Ki - 1 | 1 ^ i ^ n). 

Since ©^(Ti) = Ujji) ® Z[t^ | m > 0], by fl6.1.4.2p . the map a induces an algebra 
homomorphism 



such that = a{x) for x G UiJ^n)^ and 0(z+) = z^ and 0(z^ ) = z_s for s > 0. We 

choose a Q-basis {xj | j G J} of [4(72)^. Then S)a(^)q is spanned by the set 

y ■■= U{^3)\{i7-tT jeJ,k,l^ 1, a„b, G N, Vzj. 

I- i=i i=i 

By fl6.1.4.2p . the set (f){Y) forms a Q-basis for W(g[„). Thus, (j) is an isomorphism. □ 
Put C,r = Vr ° (p- Theorem 16.1.51 gives rise to an algebra epimorphism 
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which is the classical version of the map '■ 2)a('^) ^A{n,r). In the next two 
sections, we will describe explicitly the image of the map 

or equivalently, the map 

Here we have identified the algebra )CJ^n)Q defined at the end of §5.4 with the direct 
product Ylr^o^^(^^^)Q- 

6.2. More multiplication formulas in afRne Schur algebras 

In order to prove Conjecture 15.4.21 in the classical case, we use the elements A[j, r] 
for A e (n), j e defined in 05.4.2.11) : 

^[j^^] = fEAeA.(n,r-.(A))Aj[A + diag(A)]i, if a{A)<:r- 
' 1 0, otherwise. 

These elements can not be obtained by specializing f to 1 from the elements A{j,r) 
defined in (13.4.0.11) . However, we have A[0,r] = A{0,r)i for A G 0^(^^) (assuming 
0° = 1). We also point out another difference when (j{A) = r. In this case, ^[j,?"] = 
5oj[A]i while A(j,r)i = [A^ for all j e N^. 

We will first show that, for a given r > 0, the set {^[j, ''^]}Aee^(n) jeN^ spans the 
afiine Schur algebra S^{n, r)^. Then we derive some multiplication formulas between 
74[j,r] and certain generators corresponding to simple and homogeneous indecom- 
posable representations of the cyclic quiver A(n). We will leave the proof of the 
conjecture to the next section. 

The following result is the classical counterpart of [23[ Prop. 4.1]. Its proof is 
similar to the proof there; cf. |30[ 4.3,4.2]. 

Proposition 6.2.1. For any fixed 1 ^ zq ^ n, the set 

{A[i,r] I A E (n), j G N^, j„ = 0, a(A) + a(j) ^ r} 

is a basis for SJji.r)^. In particular, the set {y4[j,r] | A G 6^(n),j G N^,cr(A) ^ r} 
forms a spanning set of SJji^r)^. 

The first two of the following multiplication formulas in afiine Schur algebras are a 
natural generalization of the multiplication formulas for Schur algebras given in |30l 
Prop. 3.1]. The third formula is new and is the key to the proof of Conjecture 15.4.21 
in the classical case. It would be interesting to find the corresponding formula for 
affine quantum Schur algebras. For the simplicity of the statement in the next result, 
we also set A[j,r] = if some off-diagonal entries of A are negative. 

Theorem 6.2.2. Assume 1 ^ h,t ^n, } = (jk) G and A = (a^j) G Of (ra). The 
following multiplication formulas hold in S/s^{n, r)^: 

(1) 0[ef , r]A[j, r] = A[j + , r] + (^.^z ^1/ 



(6.1.5.1) 



146 



6. THE CLASSICAL (w = 1) CASE 



(2) fore e {1,-1}, 



+ E (-ir(^')(^-^.+e..)[j + (l-Oe^r 



(3) forme Z\{0}, 



+ E (-l)*(^^')(^-^M-™n)[j + (l-t)e^r]. 



It is natural to compare Theorem l6.2.2( l)-(2) with |23[ (4.2.1-3)] or Theorem 
13.4.21 which generahze the corresponding ones for quantum Schur algebras. They are 
not obtained from the quantum counterpart by specializing w to 1. For example, the 
second sum in the right hand side of (2) above is slightly different from the quantum 
version. In the case where (j{A) = r + 1 and a/i+e,^ ^ 1, the left hand side of Theorem 
16.2.2( 2) is zero. By the remark at the beginning of the section, the right hand side is 
also since j + (1 — i)e'^ 7^ for all ^ i ^ jh- 

The proof of the following result will be given at the end of the chapter as an 
appendix; see §6.4. It should be pointed out that the first formula can also be 
obtained from |58[ 3.5] by specializing v to 1, while the second formula is the key to 
the proof of part (3) of the theorem above. 

Proposition 6.2.3. Let 1 ^ h ^ n, B = (bij) E Q/x^{n,r) and A = ro(i?). 

(1) Ifee {1, -1} and A ^ e^+^, then 

[El,^, + diag(A - ei^MB]i = E + + " ^f^+Ji- 

(2) If me Z\{0} and X^e^, then 

[Kh+n.n + diag(A - e^MBl = ^ iKs+mn + 1)[B + " KsV' 

sez 



We now use these formulas to prove the theorem. 
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Proof. The proof of formula (1) is straightforward. Since for any A G Q/s^{n,r) 
and A G A^(n, r), 



[diag(A)]i[A], 



[A],, ifA = ro(A); 
0, otherwise, 



it follows that 



AGA(n,r-l) fieA{n,r-a(A)) 

= Y^ AtyU-'[A + diag(/u)]i (where A = ro(A) + /i) 

fj.&A(n,r-cT{A)) 

(5Z + /^t)/^i^ + diag(/i)] 1 

/igA(n,r-(T(A)) jGZ 



Y /ij+'=1A + diag(^)]i+ ('5^ai,,]A[j,r] = RHS. 



lM&A{n,r-(T{A)) 

We now prove formula (2). For convenience, we set = if one of the entries 
of B is negative. Since = whenever co{A) ^ to{B), we have 

El^+,[0,r]A[],r] = Y l^'lKh+e + diag(/x + MA) - e^+M^ + diag(/x)]i. 

fi<^A{n,r-a{A)) 

By Proposition 16.2.3( 1). 

[Eli,^, + diag(/i + io{A) - e^+J]i[A + diag(/i)]i 

= Y K. + l)[^ + ^h — ^+.,^ + diag(/i)]i 



,^1 



+ ifih + l)[A- + diag(/i + e^)]i 

+ {ah,h+e + + + diag(/i - e^_^J]i. 

Thus, 
where 

yh= Y /i^(/^/^ + l)[^-^h+e,h + diag(/x + e^)]i 

/ieA(n,r-(T(A)) 



/iGA(n,r-cr(A)) 17^/1 
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and 



yh+e = ^ fi\ah,h+e + 1) + Eh,h+e + diag(/i - e^_^ J] 1 

fi£A{n,r-a(A)) 

■- {ah,h+e + 1) Yl ( n ^^f)(^^h+e - 1 + iy'+^[A + Eh,h+e + diag(/i - e^+J]] 



fieK{n,r-a{A)) i^h+e 



Substituting gives (2). 

Finally, we prove formula (3). The proof is similar to that of (2). First, with a 
same reasoning, 

^M+n^n[0, r]A[j, r] = Yl f^'lKh+mn + diag(/i) + ro{A) - e^]i ■ [A + dmg{fi)],. 

AteAa(n,r-CT(A)) 

Applying Proposition 16.2.3( 2) yields 

+ diag(/i) + ro{A) - e^]i ■ [A + diag(/i)]i 

Y i(^h,s+mn + 1) + ^h,,+mn " K,. + diag(/i)]i 

s^{h,h—mn} 

+ {ah,h+n.n + 1)[{A + + diag(/i - e^)]i 

+ {jjh + 1)[{A - Eh,h-„,n) + diag(/i + e^)]i. 

Thus, 

^,%+_[0,r]A[j,r] = 5^ (a,,,+^„ + 1)(A + - i?,%)[0,r] + A'l + A'2 

where 

^1 = {ah,h+mn + 1) 5^ + E^^j^^^J + diag(/i - e^)]i 

AteAa(ra,r-CT(A)) 

= (ah,h+mn + 1) J2 n '"'^^('"'^ - 1 + + ^^%+™n) + diag(/i - e^)]i 

^GAa (n,r-cr{A)) 

= + 1) Yl (^t)^^ ' ^hr'^HA + El^^^^ + diag(/i - e^)]i 
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and 

fMeAi^{n,r-a{A)) 

J2 Y[l^Hf^h + l-iy''{f^h + l)[{A-Eh,h~n.n) + diag{fi + e^)], 



l-ieA^{n,r-(j{A)) s^h 



E (-1)* (^^)(^' + ^y^^'''^""^' U - EH,H-mn) + diag(/i + et)h 

M6A^(n,r-CT(A)) ^ ' 

= E (-l/(^^')(^-^M-n.n)[j + (l-t)e^r], 

proving (3). This completes the proof of the theorem. □ 

6.3. Proof of Conjecture 5.4.1 at t> = 1 

We now use Theorem 16.2.21 to prove Conjecture 15.4.21 in the classical case. 

Recall from the proof of Theorem 16. 1.2[ the specialized Ringel-Hall algebra i3A(^)Q 
is generated by Uij := ue^.^i for all i < j E T,. As seen from Proposition 11.4.51 the 
Ringel-Hall algebra ^a(^) over Q(f ) can be generated by the elements associated with 
simple and homogeneous indecomposable representations of /\{n). We first prove that 
this is also true for S^tJji)^. 

Lemma 6.3.1. The is generated by the elements Mj^i+i and Ui^i^mn for 2 G Z 



1 



and m E N. In particular, the subalgebras S^{n,r)Q spanned by A[0,r] = A(0,r) 
for all A G 9^(n) can be generated by i?^^^^[0, r] and Ej^f^_^^^[0, r] for all 1 ^ h ^ n 
and m ^ 1, respectively. 

Proof. Let A be the subalgebra of i5^(n)Q generated by the elements and 
Ui^i+mn for i G Z and m G N. It is enough to prove Uij G ^ for all i < j. Write 
j — i = mn + k, where m G Z and 1 ^ k ^ n. Then it is clear that Uij G i5A(^)Q for 
k = n. Now assume 1 ^ k < n. We apply induction on k. If = 1, then by fl6.1.2.ip . 

Now suppose Uij G ^ for all i < j with j — i = mn + k — 1. Then by fl6.1.2.ip and 
the induction hypothesis, 

proving the first assertion. 

The last assertion follows from Proposition 13.6. 1[ □ 

As in §5.4, let /Ca(^)q be the vector space of all formal (possibly infinite) Q- 
linear combinations J^A^eAin) f^^lAh satisfying fl5.4.0.ip . Recall from fl5.4.2.2p that 
for A G (n) and j G N^,' 



A[j\ = J2A[j,r]e}C,in) 

r=0 
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Furthermore, let ^ and =^ be the orders on and Q/:,{n) defined in fll.l.O.Sp and 
fl3.7.1.ip . respectively. 

Proposition 6.3.2. For A G Q^in) and j G N", we have 

A+[o]o[j]A-[o] = A[j] + Yl fAfm, 

j'<j Bee^(n) 

where fA^yfH ^ Q- 

Proof. For each r ^ 0, by Lemma 16.3.11 we may write 74"'"[0,r] as a linear 
combination of monomials in i?^^^]^[0,r] and -E^/i+mn[0) By Theorem 16.2.21 there 
exist /^j G Q (independent of r) such that 

yl+[O,r]0[j,r]A-[O,r]= ^ /^/^[j'.r] (6.3.2.1) 

see±(n) 

for all r ^ 0. On the other hand, using an argument similar to the second display for 
the computation of in the proof of Theorem 13.7.71 yields 

A+[O,r]0[j,r]A"[O,r] = ^ AjA+[0,r][diag(A)]iA"[0,r] 

= Aj[A + diag(A-o-(A))]i + (7 

A^<t(A) 

where fT{A) = co(A+) + ro(y4~) and g is a Q-linear combination of [B]i with B G 
9A(n, r) and B A. Since 

Aj = (A - ^(A) + ^(A))j = (A - cT{A)y + 5^ .(A - cT{A)y' 



}'<} 



j'e 



where /j^j G Z are independent of A and r, it follows that 

A+[O,r]0[j,r]A-[O,r] = A[j,r] + ^ /jj^Ap', r] + ^7. 



j'<j 



Combining this with (16.3.2. ip proves the assertion. □ 

For integers a ^ —1 and / ^ 1, let Za^i = {a + i \ i = 1,2, . . . ,1} and 

(Z„,0" = {AgN"| A, gZ,,,Vz}. 

Lemma 6.3.3. For fixed integers a ^ — 1 and n,l ^ 1, if we order (Za^^)" lexico- 
graphically and form an /" x /" matrix Bn = {^'^)x,ne{Za i)"' where A^ = A^*^ Ag^ ■ ■ ■ A^", 
then det(S„) 7^ 0. 
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Proof. Write (Za^/)" = {ai, a2, . . . , a/n} with aj <ix o-j+i for all i under the 
lexicographical order <ix. If the entry of Bn is a°'\ then i?„ has the form 



Bn 



(a + 2)(»+i)fi„_i (a + 2)('^+2)i?„_i 



(a + \ 



n-l 



i=l 



Thus, 

I 

det{Bn) = Y[{a + det 

^Bn-l 
Bn-1 (2 — 

n-l 



pj(a+^)("+ir-ket 



^ Bn-l 


{a + l)Bn-i ■■■ 


(a + iy-'Bn-i\ 




Bn-1 


{a + 2)Bn-i ■■■ 


{a + 2y-^Bn-i 




\Bn-l 


(a + l)Bn-i ■ ■ ■ 


ia + iy-'Bn-i) 












\ 


l)Bn-l 


... ((a + 2)'-i- 


(a+2)'-2(a + l))5 





i=l 

Hence, 



Ilia + det(S„_0 - 1)'"-^ det 

i=2 



((a + /)'-i-(a+/)'-2(a+l))fi„_iy 

-Bn-1 • ■ ■ (a + ^y^'^Bn-l 
n-l ■ ■ ■ (a + iy~'^Bn-l 



.B 



dei{Bn) = detiBn-iy Hia + H " ^■)'"" ^ 0' 

i=l l^j<i^l 

by induction. 



□ 



Note that, in the proof above, if a = — 1, then 

Zi :=Z_i,i = {0,l,...,/-l} 

and so the product n!=i('^ + «)*-"^^'"'' ^ = 1. 

As introduced at the end of §5.4, let 2t/^,Q[n] be the subspace of }C^{n)Q spanned 
by the elements A[j] for all A G Q^{n) and j G N". The following theorem gives a 
realization of the universal enveloping algebra Let (Z;)^ = {(Tji)"-) , where 

bs is defined in fll.l.U.2p . 

Theorem 6.3.4. The Q-space 2lA,Q[n] is a subalgebra of }C^{n)Q with Q-basis 

® = {A[j] |AGe±H,jGN,"}. 

Moreover, the map rj := nr>o^»' defined in f l6.1.5.ip is infective and induces a Q- 
algebra isomorphism U{gl^) = 2lA,Q[n]. 

Proof. We first prove the linear independence of 05. Suppose 

^ee±(n),jeNl' 
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for some /^j G Q. Then 

AeG±{n) '•^O A6e±{n) ^jSN^ ^ 

jgN^ ASAa{n,r-<T(A)) 

Thus, EjeN^"-^VA,j = for all A G 6f(n), A G AA(?^,r - (t(A)) and r ^ o-(A). 
So, when A is arbitrarily fixed, there is a finite subset J of satisfying j ^ 
for all j G J. Choose / ^ 1 such that J is a subset of (Z/)" and set j = if 
j G (Z;)"\J. Since Ur>o-(A)AA(n, r — cr(y4)) = N" which contains (Z;)", it follows that 
Sje(zor '^■'•^^'j ^ ^ Applying Lemma ESiS gives /^j = for all j. 

Hence, 03 forms a basis for 2tA,(Q[n]. 

Since W(slJ ^ W(s[J+W(0ljoW(0[J-, by identifying J± with ^J,n)%, the 

set 

{nXi(i?f,i)^'^ ■ ■ ■ {E^,nrul^i I A. Be e+(n), j G N^} 

forms a basis of W(g[„). Now Lemma [6.1.31 and Theorem 16.1.41 imply 

r^{u\,^,{El,y^ . . . {E^J-u-^^^,) = A+[O]0[j]A-[O]. 

By Proposition 16.3.21 the set 

{A+[omA-[0]\AeQ^{n),jen2} 

forms another basis for Hence, r] is injective and 2lA,Q[n] is exactly the image 

of 7]. This completes the proof of the theorem. □ 

This theorem together with Theorem 16.2.21 implies immediately the following mul- 
tiphcation formulas in W(gl„). 

Corollary 6.3.5. The universal enveloping algebra l{{gl^) of the loop algebra qI^{Q) 
has a basis | A G 6^(n),j G N^} which satisfies the following multiplication 

formulas: for 1 ^ h,t ^ n, j = (jk) G and A = (aij) G Q^{n), 

(1) 0[ef]A[j] = A[} + ef] + (E.ez«M)^[j]; 

(2) for ee {1,-1}, 

Vijth,h+E 
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(3) forme Z\{0}, 



s^^h.h — mn} 



Remark 6.3.6. There should be apphcations of these multiphcation formulas. For 
example, one may define the Z-subalgebra U{q{^)i generated by the divided powers 
of ^^,?,+jO] together with K,;,+^„[0] for all 1 ^ /?, ^ n, e e {1, -1} and m e Z\{0}. 

This should serve as the Kostant Z-form of W(g[„). 

6.4. Appendix: Proof of Proposition 6.2.3 

For a finite subset X C define X_ = J2x€X^ ^ Q&A,r- If A = jA{X,d,fi) 

is the matrix corresponding to the double coset &xd&^ for A,/i G A^(n, r), d G 
^x^^, then the element [A]i G ^^(n, r)Q is the map (j)f^^ (at f = 1) as defined in 
f l3.2.6.ip . Note also that, if v = 1, then xx = ©a- Thus, [A]i(6^) = for i/ 
and = &xd&^ = &xd^ n by Lemma [3. 2. 5[ where u is the composition 

defined by = d^^&xd fl &^ (see Corollary 13.2.31 for a precise description of u). 
Lemma [3.2.51 implies also that for A,/i G A^{n,r) and w G ©A,r; 

GawG^ = \w'^&xw n 6^|©A'W^©M- (6.4.0.1) 
This fact will be used frequently in the proofs below. 

Proposition [6l2T3](l). Let h e [l,n] and A = (aij) = jA{X,d,n) G 6A(n,r) with 
To{A) = X . If e e {1, -1} and X ^ e^^^, then 

+ diag(A - = E («'^-« + + - Et+Ji. 

Proof. Observe to{EI^_^^) = and co(E^^;,+J = 4+,. Thus, applying (EXZ^D 
yields 

j,(A + 1, A) = El,^^ + diag(A - e^+J, 
where ^ = — other words, the matrix + diag(A — e^^^) is defined 

by the double coset &x-a^ ©a- Hence, putting C = [l,n] x Z, we have by Corollary 
13X31 that 

[El,^^ + diag(A - e4+J]i[A]i(©^) = + diag(A - 4+J]i(©^) 



n A®A+<,,©At/6M 



n -^6Aw,,,^n6Arf6,, 
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where 
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7 = 7(£) = 
For i e Rh+e: define w^^i e &x by setting 



(Ai, . . . , Xh, 1, A/i+i — 1, ■ ■ ■ , A„), if £ — 1; 
(Ai, . . . , Xh-i — 1, 1, A/j, A^+i, . . . , A„), if £ = —1, 



1 • • ■ Ao,h Ao,h + 1 i i + 1 ■■■ Xo,h+i ■■■r 

l---Ao,/i Ao,/i + 2 ••• i Xo,h + l « + l ■ ■ ■ Ao,/i+i ■ ■ -W' 



if £ = 1, and 



We,; 



1 • • • Ao,/j-2 ■ ■ - 1 ^ ^ + 1 ••• Xo^h-i Ao,/j_i + 1 ■ ■ -r 
1 • • • ''^o,/j-2 ■ ■ ■ — 1 Ao,/i-i i ••• Ao,/i-i — 1 Ao,/i-i + 1 • • • r 



if £ = -1. Then ^ n Sa = | i G i?^+J. Hence, 

^M+. + diag(A-4+J]i[^]i(6.)= n A E ©a+<.^..^©.- 



Let S^^'*) = {b^s,t^) e ©a(?T', J^) be the matrix associated with A + ck^^, and the double 
coset &\+oA^ ^We,id&f^. Since 

' i?^, if 1 ^ s ^ n but s 7^ /i, /i + £; 

w-l{Rs^<n^\R',U{t}, iis = h; 



it follows that for i e Rh+s, 



b^f = \d-'w;jRs^'''^^^nR^\ 

as,t, if 1 ^ s ^ n but s h, h + e; 

ah,t + \{d-\t) n R'^}\, ifs = h- 
_ ah+e,t - \{d-\t) n R^}\, if s = /i + £. 

If e Z is the unique integer such that d''^{i) e R^. (and ah+e,ti ^1), then 

{Os^t, if 1 ^ s ^ n, s 7^ /i, /i + £ or i 7^ ij; 

0^,4 + 1, iis^h,t^ti; 
ah+6,t - 1, if s = /i + £, i = tj. 
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This implies that B'-'''^ = A + E^^^ - for all i e By Corollary 

again, 

[^t/.+. + diag(A-et^J]i[A]i(©,)= n E W bifl &x^c4^w,,d&, 

U n 



Finally, 

[E^,,+, + diag(A-e4+J]i[A]i 

= 5^ |{. G Z h G = + E,^, - E-^J, 

as |{i G Z I 2 G Rl+,,t = ti}\ = \d-^Rl+, n i?,'^! = ah+e,t. □ 

We need some preparation before proving Proposition 16.2.3( 2). We follow the 
notation used in §3.2. Thus, for 1 ^ i ^ r, ej = (0, . . . , 0, 1, 0, . . . , 0) G ©A,r is 

i 

the permutation sending z to z + r and j to j for all 1 ^ j ^ r with j ^ i, and 
Cj = pSr+i-2 ■ ■ ■ Si+iSi as seen in the proof of Proposition 13.2. 1[ Note that Sj+ip = psj 
for all j G Z. 

Recall also from (13.2.1.41) the sets -R^+fc„ = {Xk,i-i + 1, Afc^j_i + 2, . . . , Afc,i_i + Aj} 
associated with A G A^(n, r), where Xk,i-i '■= kr + Yl]^i^j- If ^ G -R^ for some 
(unique) 1 ^ h ^ n, then removing those simple reflections sj from indexed by the 
numbers i,i + 1, . . . , Ao,/i — 1 and r + Ao,/i-i, r + Ao,/i-i + 1, . . . , r + i — 2 yields the 
shortest representative pSr+Ao,i_i-i ■ ■ ■ -^Aoh+i-^Aoh of the double coset &xei&x. 

We now determine the shortest representative in the double coset &xe^&x for 
every Oj^mEZ, l^i^r and A G A^{n,r). Suppose i E as above and define 
ut.i e ®A,r by 

P'^r+Xo,h-i~l ■ ■ ■ -SAo^h + l-SAch) if m = 1; 

= <i PS^+Ao,„_i-i ■ ■ ■ Si+iSiel"-"^ pSr+i-2 ' ' ' s x^^^+is Xo,h ^ if m ^ 2; 
iu^-m,i)~'^ ifm<0. 

Lemma 6.4.1. Maintain the notation introduced above. 

(1) is the shortest element in ©ag^Sa; 

(2) j^(A, A) = E^,_^^ + diag(A - ef ); 
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(3) {ui,)-^Gxui, n ©A = where 



7 



(Ai, . . . , Ah_i, Ah - l,l,A/i+i,...,A„), ifm > 0; 
(Ai, . . . , Xh-i, 1, Xh - 1, A/,+1, . . . , A„), z/m < 0. 



Proof. Since = s^+^.i ■ ■ ■ sa^ ;,_,+2Sr+Ao,h_i+iM^,iSAo,h-i ■ ■ ■ Si+iSi, &xeT&^ 
&xu^ jSa- If m > 0, then ^ G 6A,r is determined by its action on {1,2,..., r}: 



-- 



1 ■ ■ ■ Ao,/i-i Ao,/i-i + 1 Ao,/i-i + 2 •■■ Ao,h — 1 Ao,/i Ao,h + l---'r 

1 ■ ■ ■ Ao,/i-i Ao,/i-i + 2 Ao,/i-i + 3 ■■■ Ao,/i mr + Ao,/i-i + l Ao,h + l---r 



Hence, 



A _/'„,A ^-l _ / 1 ■ ■ ■ -^o.h-i Ao,h-i + 1 Ao,/i-i + 2 ■■■ Ao,/i Ao,h + l---'r 
l---Ao,h-i -mr + Xoh Ao,/i-i + 1 ••• Ao,^ - 1 Ao,h + l---?^ 



Thus, < + 1) for any i with Si G ©a and m G Z\{0}. Hence, by f l3.2.1.5p . 

G ^AA' proving (1). The assertion (2) foUows from Lemma [3.2.21 The assertion 
(3) is a consequence of (2) and Corollary 13.2.31 □ 

Proposition I6.2.3I (2). Let h e [l,n\ and A = (aij) G Q^in^r) with ro{A) = A. 
If me Z\{0} and X^e^, then 

[Kh+n.n + diag(A - e^)]i[A]i = ^ {aH,s+mn + l)[A + ^h%+^„ - E^^. 

sGZ, a;j 

Proof. As above, let 

Xo,h = Xi-\ \- Xh (andAo,o = 0). 

Assume /i = co{A) and d e ^ such that j^{X,d,^) = A. By Lemma 16.4.11 and 
Corollary (and fl6.4.0.1|) ) , 

+ diag(A - etMAUG,) = 6a«.)'^Ga ■ d ■ n 6, 

r6A(M^i)"^6A ■ &xdG^ 



& 



\^^\ l^s^n 



tgz 



6a«J'^Ga -6;-6, 



A 



where 6„ = d ^&xd fl and = u^^i&xiu^^^) ^ (1 &x with 

(Ai, . . . , Xh-i, 1, A,^ - 1, A/i+i, . . . , A„) if m > 0, 
(Ai, . . . , Xh-i, Xh - 1, 1, Xh+i, . . . , A„), if m < 0. 
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We now compute fl ©a- For m 7^ and Xo,h-i + 1 ^ i ^ Xo,h^ define Wm,i G &x 
as follows. If m > 0, then 



'l---Ao,/i-i Ao,h-i + 1 ■■■ i-1 i i + 1 ■■■\o,h---r 
l---\o,h-i Ao,/i-i + 2 ■■■ i Ao,/i-i + 1 i + l ■■■\o,h---r 

If m < 0, then 



1 ■ ■ -Ao,/!-! ■ ■ -i - 1 i i + l ■■■ Ao,/i Ao,/i + l---r 
1 • • ■ Ao,/i-i ■ ■ - 1 Ao,ft i ■■■ Ao,/i - 1 Ao,/i + l---r 

From the definition, it is clear that Wm,\o = 1 for m > and Wm,\o ^ = 1 for 
m < 0. It is also clear that 

©A = I \h-i + Xo,h} for all m G Z\{0}. 

Hence, [E^_^+^„ + diag(A-e^)]i[A]i(6^) = U^^^s^f- 7^E^eB.>^§A■ i^i,i)~'^rn,^d■e^. 

r) be the matrix associated with A, n and the double 
coset &x{u^j)~^Wm,id&^, where m G Z\{0} and i G -R^. Since 



R^, if 1 ^ s ^ n but s 7^ h; 

{R^\{i})U {mr + i}, ii s = h, 



it follows that for i ^ R^, 

ig^t, if 1 ^ s ^ n but s h; 

(^s,t - \{d-^ii) n R'i}\ + \d-^{mr + i) n R'H il s = h. 

If ti E Z is the unique integer such that d~^{i) G -Rf. (and a^^ti ^ 1), then 

{ah,t, at ^ {ti,mn + ti}; 

ah,t - 1, if t = 
ah,t + l, if t = mn + ti. 

This implies that U^™-'*) = A + —E^^, for all i G -R^. Thus, applying Corollary 

13.2.31 again yields 

[^M«+diag(A-e^)]i[A]i(6,) 

= n n ^i7^! 6A«.)-^^n..rf6, 

tgz ''^'"h tGZ 

0'h,mn+ti + 1 



^This condition is equivalent to i G R^. 
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Therefore, 

= Y.\{^eZ\^e Rl t = t.}|^^^=±i±i[A + E,V„^, - El,]^ 

'—^ Cbh f 

tez ' 

tez 

since an^t = \d~^Rh n R'^\ = \{i E Z \ i e t = U}] by LemmaEXSl □ 

Proposition I6.2.3T 2) is the key to the estabhshment of the muhiphcation formulas 
in Theorem 16.2.21 which in turn play a decisive role in the proof of the conjecture in 
the classical case (see Proposition I6.3.2[ ). It would be natural to raise the following 
question which is the key to Problem 13.4.31 

Problem 6.4.2. Find the quantum version of the multiplication formulas given in 
Proposition I6.2.3T 2) for affine quantum Schur algebras. 
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